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Executive summary 

   6G-MUSICAL, within the framework of the European Commission’s (EC) SNS-JU (Smart Network 
Services-Joint Undertaking), is a pioneering project that integrates radio sensing and communication 
technologies to establish new paradigms in radio frequency (RF) communication. The project aims to 
equip 6G edge infrastructure nodes with integrated RF/radar-based radio-sensing elements that 
operate in tandem with communication components. This fusion enables localisation, object tracking, 
and 3D imaging with centimeter-level precision and resolution. As such, the project will explore novel 
spectrally and energy-efficient system architectures and signal designs to support high-rate 
communication across multiple frequency bands, seamlessly integrated with accurate sensing and 
localisation. 

    Compared to other research on joint communication and sensing, 6G-MUSICAL distinguishes itself 
in two key ways. First, it targets sensing for both connected and non-connected objects—an essential 
consideration given the growing trend toward universal connectivity. Second, it tackles the challenge 
of edge node synchronisation, which is vital for achieving ultra-high accuracy and resolution. The 
project will leverage optical and electronic technologies to generate precise and stable reference 
signals, enabling a network of intelligent, cooperative, multi-static radars within future 6G systems. 
This will pave the way for new services, high-precision localisation, and high-resolution 3D object 
reconstruction. 

    In the wireless domain, the 6G-MUSICAL project will define new waveforms optimised for joint 
radio-sensing and communications, apply compressive sensing techniques, and develop cooperative 
multimode sensing and localisation algorithms. On the network side, the focus will be on 
synchronisation and calibration procedures among edge nodes, as well as compression techniques to 
facilitate low-overhead transmission of collected data to a central fusion center. The optical/electrical 
segment will handle the generation and distribution of reference signals and the design of novel 
antennas tailored to 6G requirements. Machine learning (ML) will be employed to jointly optimise 
system performance and service delivery. Key technologies will be demonstrated in laboratory 
settings to meet a rigorous set of predefined key performance indicatiors KPIs. 

    6G-MUSICAL’s Work Package 3 (WP3) is dedicated to the development of foundational signal 
processing technologies that enable integrated sensing and communication at the physical layer. WP3 
consists of four core tasks, which this report focuses on two of them. T3.1 and T3.2 study JCAS 
waveforms and precoding receiver processing algorithms. 

    WP3 directly contributes to several high-level objectives of the 6G-MUSICAL project, particularly in 
the area of joint physical-layer optimisation for communication and sensing. In Task 3.1, novel 
beamforming strategies are investigated to enhance the performance of both functionalities 
simultaneously, while Task 3.2 aims to develop receiver solutions that can robustly extract both data 
and sensing information under practical hardware and channel constraints.  This deliverable, D3.1, 
outlines the current state of design methodologies, theoretical foundations, and preliminary 
evaluation results for both beamforming and receiver design. It also includes problem formulations, 
technical challenges, and initial benchmarks, along with a proposed evaluation framework based on 
relevant performance indicators. 

   Importantly, the activities in WP3 (Tasks 3.1 and 3.2) are closely linked to the use cases and system 
requirements defined in WP2. The design approaches developed in Tasks 3.1 and 3.2 are guided by 
the practical scenarios and performance expectations identified in WP2.  
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   By grounding the technical work in clearly defined use cases and performance metrics, this report 
ensures that the beamforming and receiver designs developed in this work package are theoretically 
sound and practically relevant and impactful within the broader 6G-MUSICAL vision. 
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1 Introduction 

   The Work Package (WP). 3 of the 6G-MUSICAL project focuses on the development of advanced 
signal processing techniques and waveform designs to enable joint radio-sensing and communication 
functionalities. Tasks 3.1 and 3.2 of WP.3 build the core technical framework to support joint 
communication and sensing (JCAS) systems through the innovation of new waveforms, precoding 
methods, and receiver architectures that can handle the simultaneous demands of high-performance 
communication and accurate sensing across diverse scenarios. 

    Task 3.1 “Joint Radio-Sensing and Communications Waveform” is led by UCL with the participation 
of ETL. The primary focus of this task is the joint design of waveforms that can simultaneously support 
both communication and radar functionalities within a dual-function framework. Rather than treating 
sensing and communication as separate processes, this task aims to develop integrated waveform 
solutions that serve both purposes efficiently. It explores the design of novel waveforms, enabling 
accurate sensing while maintaining reliable data transmission. 

   Task 3.2 “Precoding and Receiver Design” is led by ETL with contributions from UCL and IT. This task 
addresses the signal processing design at both the transmitter and receiver ends to support JCAS 
operation. On the transmitter side, new precoding techniques are developed to simultaneously serve 
multiple communication users and track multiple radar targets. These include optimisation-based and 
codebook-based solutions that consider various practical constraints such as hardware limitations and 
self-interference. On the receiver side, novel architectures are proposed to manage the joint reception 
of communication signals and radar echoes, particularly in challenging environments. This involves the 
integration of radar techniques like compressed sensing with communication detection methods. The 
combined efforts of T3.1 and T3.2 aim to establish a robust and scalable foundation for JCAS in future 
6G networks. 

 Deliverable overview  

   The main sections of the D3.1 are described below. Section 2 designs joint Coordinated Multi-Point  
(CoMP) communication and MIMO radar signals for distributed JCAS systems to enable accurate target 
localisation without requiring phase-level synchronisation. It also introduces an over-the-air 
synchronisation method to achieve cm-level sensing accuracy using bistatic channel reciprocity. 

  Section 3 focuses on designing hybrid analogue-digital beamforming for multi-user, multi-beam JCAS 
systems, balancing performance with hardware and energy efficiency. It proposes an algorithm that 
optimises a weighted communication–radar objective under power and sensing constraints, 
supporting hybrid transmission with limited RF chains. 

   Section 4 tackles the understudied receiver-side challenge in bistatic JCAS by proposing a joint design 
that suppresses mutual interference between communication and sensing signals while leveraging 
existing cellular synchronisation. It formulates and optimises the trade-off between power allocated 
to CSI acquisition, pilot/data transmission, and the SNR requirements of both tasks, delivering a 
holistic Rx-side framework for reliable bistatic JCAS performance. 

   Section 5 describes a pilot-free JCAS receiver jointly estimates continuous DoAs and data symbols 
via atomic norm minimization—robust to missing observations—and uses scalable SDR and ADMM 
solvers for high-resolution, grid-free recovery. 
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2 Signalling Design and Over-the-Air Synchronisation for 

Distributed JCAS 

   This Section focuses on task T3.1 where we investigate a transmit signalling design for distributed 
joint communication and sensing (D-JCAS) systems, where multiple JCAS nodes cooperatively perform 
sensing and communication without requiring phase-level synchronisation. Below, we start with the 
main objectives. 

 Objectives 

   This task aims to jointly design downlink CoMP communication signals and multi-input multi-output 
(MIMO) radar signals, leveraging both collocated and distributed MIMO radars to estimate angle-of-
arrival (AOA) and time-of-flight (TOF) from all possible multi-static measurements for target 
localisation. By doing so, it can provide optimal sensing performance (target localisation) while 
guaranteeing communication quality of service (QoS).  

    The research in the task also explores an over-the-air time-frequency synchronisation framework 
for the D-JCAS system, leveraging the reciprocity of bistatic sensing channels as the cooperation gains 
can only be fully realised when the distributed nodes are perfectly synchronized, which is a challenge 
that remains largely unaddressed in the current JCAS system. Accordingly, the developed technology 
in this task enhances the performance of D-JCAS considering the effect of synchronisation and 
provides the bottom-line target localisation performance of the synchronous D-JCAS, achieving cm-
level sensing localisation. 

   D-JCAS signaling framework directly addresses the technical requirements of 6G-MUSICAL's eight 
use cases through its integrated sensing-communication capabilities. For Indoor AGV Localisation 
(Use Case 1), the hybrid time of flight (TOF)/ angle of arrival (AOA) localisation achieves sub-meter 
precision (meeting KPIs like < 0.1m range resolution), while over-the-air synchronisation replaces GPS 
dependency in warehouses. Smart Convoys (Use Case 2) leverage noncoherent CoMP transmission 
and distributed MIMO radar to maintain < 0.5m/s velocity accuracy for platooning, with the 
framework’s SINR guarantees ensuring uninterrupted V2X communication. 

    The bistatic sensing and super-resolution synchronisation are critical for security applications: 
Intruder Detection (Use Case 3) and UAV Monitoring (Use Case 6) exploit environmental reflections 
to achieve < 2% miss-detection rates in non-LoS conditions, while Railway Intrusion Detection (Use 
Case 8) benefits from cm-level TOF accuracy across distributed nodes. For infrastructure monitoring, 
Road Fault Identification (Use Case 4) uses the same TOF/AOA fusion to detect sub-0.5m surface 
anomalies, and Weather Monitoring (Use Case 5) repurposes synchronisation signals for hyper-local 
atmospheric tracking. In smart homes, Fall Detection (Use Case 7) relies on the system’s 50Hz update 
rate and 10ms latency to trigger emergency alerts. By optimising CRB-SINR trade-offs, the framework 
dynamically allocates resources across these diverse applications while meeting each use case’s 
distinct KPI thresholds. 

 Main Activities 

   The main activity of this task introduces an innovative transmit signal design framework for D-JCAS 
systems, integrating both collocated and distributed MIMO radar for target localisation alongside 
noncoherent CoMP downlink communication. The sensing component adopts a hybrid localisation 
strategy that combines AOA and TOF measurements, effectively leveraging the strengths of both 
techniques to enable high-precision target localisation. Then, we introduce a novel over-the-air time-
frequency synchronisation technique that utilises multiple sensing targets or scatterers as 
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synchronisation references. In contrast to conventional approaches that depend on LoS links or 
dedicated synchronisation hardware, this method exploits sensing data inherently available in D-JCAS 
systems, eliminating the need for additional signal design and enabling robust synchronisation in 
complex environments.  

   A D-JCAS signal model is developed, along with performance metrics tailored for multi-target sensing 
and multi-user communication. Based on this model, we formulate optimisation problems aimed at 
minimizing the target localisation Cramér-Rao Bound (CRB) while maintaining a guaranteed SINR for 
communication users. These non-convex problems are addressed using semidefinite relaxation (SDR).    
Three transmit signal design strategies are proposed: optimal, orthogonal, and beamforming-based. 
The optimal design offers the highest sensing performance but involves significant computational 
complexity. The orthogonal design introduces inter-node signal orthogonality to reduce 
computational load, while the beamforming design simplifies implementation further by focusing on 
optimising AOA estimation. We develop a super-resolution timing offset (TO) and carrier frequency 
offset (CFO) estimation technique based on offset reciprocity (OR), leveraging bistatic observations 
between node pairs for high-precision synchronisation. This is achieved through bistatic signal 
matching (BSM) processing, which compresses information from sensing targets into a single offset 
component for accurate estimation. Off-grid estimators such as maximum likelihood estimation (MLE) 
and the matrix pencil (MP) method are employed, effectively overcoming the resolution limitations of 
traditional on-grid spectral cross-correlation techniques. The pairwise synchronisation method is 
extended to an N-node distributed network through a scalable multi-node synchronisation 
framework. For randomly deployed JCAS nodes, we derive a tractable theoretical performance bound, 
providing a lower bound on total offset estimation variance. This analysis ensures a rigorous 
evaluation of synchronisation accuracy under the proposed approach. 

   These signal designs and over-the-air synchronisation technique align with the objectives of relevant 
Tasks and WPs, particularly supporting the JCAS scenario development in WP3. The work emphasizes 
highlights the critical role of signal processing solutions in advancing practical D-JCAS systems, offering 
adaptable solutions that balance performance with implementation feasibility. Furthermore, the 
developed techniques can be integrated and collaborated not only within WP3 but also with other 
WPs in 6G-MUSICAL working on distributed sensing and localisation algorithm.    

 Key Results 

2.3.1 Transmit Signalling Design for D-JCAS 

    Next-generation wireless networks are increasingly aiming to unify communication and radar 
sensing under a single infrastructure. This paradigm, known as JCAS, provides potential 
enhancements to spectrum and hardware efficiency [1]. However, when multiple JCAS nodes 
cooperate across a wide geographical area, forming a D-JCAS architecture as shown in Figure 1, new 
complexities arise [2]. These complexities stem from managing both communication interference 
across cells and the distribution of radar sensing tasks among spatially separated antennas. If nodes 
are not phase-synchronized (noncoherent), their individual waveforms add in power rather than 
amplitude, influencing both communication and radar performance. 
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Figure 1 - Illustration of the D-JCAS system, where each JCAS node is equipped with both transmit and 
receive antenna arrays. 

   The D3.1 focuses on a noncoherent D-JCAS system that employs CoMP transmission for 
communication and leverages distributed MIMO radar functionalities for sensing. We discuss the 
signal model, the performance metrics used to gauge communication and sensing effectiveness, the 
optimisation problem that trades off radar localisation accuracy with downlink user SINR constraints, 
and finally present a concise set of simulation studies to illustrate system performance under various 
parameter settings. 

2.3.2 System Model 

   We consider N JCAS nodes, each equipped with 𝑀𝑡 transmit antennas and 𝑀𝑟 receive antennas, 
deployed over a region. A CPU handles the distribution of downlink data to each node as well as the 
processing of radar returns. Communication takes place on the downlink to U single-antenna users, 
while the radar functionality seeks to localize up to K targets in two-dimensional space. The nodes 
operate in full-duplex mode, transmitting and receiving simultaneously on orthogonal frequency-
division multiplexing (OFDM) subcarriers. Time-frequency synchronisation among nodes is assumed, 
ensuring alignment of OFDM symbols across the network. However, there is no phase-level 
synchronisation. The time-frequency synchronisation will be detailed in the next section of this 
deliverable. Consequently, signals from different nodes cannot be coherently combined, resulting in 
a power-adding effect at each user or radar receiver. Each node’s position is denoted 𝑝𝑛 = [ 𝑥𝑛, 𝑦𝑛]

𝑇, 
and the user positions are 𝑞𝑢 = [ 𝑥𝑢, 𝑦𝑢]

𝑇. The goal is twofold: ensure that each user’s SINR surpasses 
a threshold 𝛤𝑐, while also minimizing the localisation error for the K targets. 

   The transmit signal at node n during OFDM symbol t combines both communication waveforms and 
radar waveforms. We write: 

𝑋𝑛[𝑡] =  𝑋{𝒄,.𝒏} [𝑡]  + 𝑋{𝒔.𝒏}[𝑡]. (2-1) 

   Here, 𝑋{𝑐,𝑛}[t] is the communication signal intended for multiple users on L subcarriers, while 

𝑋{𝑠,𝑛}[t] is the radar signal designed to facilitate target detection and localisation. For the 

communication portion, each subcarrier l can be expressed as:  
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𝑥{𝑐,𝑛,𝑙}  =  𝑊{𝑐,𝑛,𝑙} 𝑠{𝑐,𝑙}, (2-2) 

where 𝑊{𝑐,𝑛,𝑙} in ℂ𝑀𝑡×𝑈 is the precoding matrix for U users, and 𝑠{𝑐,𝑙} in ℂ𝑈×1 is the data symbol vector. 

The node's radar signal 𝑋{𝑠,𝑛} may also be distributed across the L subcarriers, potentially employing 

orthogonal waveforms per antenna to achieve diversity in angle and range estimation. Node n thus 
sends a composite signal that satisfies certain power constraints on each antenna. Due to phase 
noncoherency, the power from each node accumulates rather than the amplitudes. This affects the 
final expressions for the SINR and for the Fisher Information Matrix (FIM) used in radar localisation, as 
subsequent sections describe. 

2.3.3 Performance Metrics 

1) Communication SINR 

  For user 𝑢 on subcarrier 𝑙, define ℎ{𝑛,𝑢,𝑙} ∈  ℂ
𝑀𝑡×1as the channel from node 𝑛 to that user. Let 

𝑤{𝑐,𝑛,𝑢,𝑙} be the beam corresponding to user 𝑢 in the precoding matrix 𝑊{𝑐,𝑛,𝑙}. The SINR accounts for 

the intended signal power, the interference from other users on the same subcarrier, the interference 
from radar signals, and AWGN. Under noncoherent combination, the useful signal power from 
multiple nodes sums in power, leading to: 

𝛾{𝑐,𝑢,𝑙} =
( ∑ |ℎ{𝑛,𝑢,𝑙}

𝐻 𝑤{𝑐,𝑛,𝑢,𝑙}|
2

𝑁
𝑛=1 )

( ∑ [ ∑ |ℎ{𝑛,𝑢,𝑙}
𝐻 𝑤{𝑐,𝑛,𝑖,𝑙}|

2

𝑖≠𝑢 + |ℎ{𝑛,𝑢,𝑙}
𝐻 𝑥{𝑠,𝑛,𝑙}|

2
]𝑁

𝑛=1 +
𝜎𝑐
2

𝐿
)
. 

(2-3) 

  Note that radar signal interference from node n enters via the term |ℎ{𝑛,𝑢,𝑙}
𝐻 𝑥{𝑠,𝑛,𝑙}|

2
. The sum of these 

terms across all 𝑁 nodes constitutes the total interference. Maintaining 𝛾{𝑐,𝑢,𝑙} ≥ 𝛤𝑐  for each user u 

and each subcarrier l is a principal design requirement. We must control the radar waveforms so as 
not to degrade communication performance below acceptable QoS levels. 

2) Radar Localisation accuracy via CRB 

    The radar localisation performance is quantified by the Cramér-Rao Bound (CRB), which 
characterizes the minimum achievable mean square error of the target parameter estimates. The 
target localisation is achieved by exploiting both TOF and AOA estimation as shown in Figure 2. If we 
collect all unknown parameters, target positions and reflection coefficients, into a vector Θ, the  for 
an observation 𝑌𝑠 forms the basis for computing the CRB: 

CRB =  tr( [ 𝐹(𝛩)]−1). (2-4) 

    A lower CRB indicates more accurate target localisation. In a noncoherent distributed radar 
configuration, monostatic and bistatic links from all 𝑁 nodes can be utilised, improving spatial 
diversity. However, the noncoherent nature modifies the relationship between the radar signals and 
the received reflections, thus affecting how the FIM is formulated. In essence, the cross-correlation 
between different nodes’ waveforms does not translate into coherent combining but can still impart 
beneficial diversity for target localisation. 
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Figure 2- Target localisation methods in D-JCAS: (a) TOF-based localisation and (b) AOA-based localisation.  

 

2.3.4 Transmit Signalling Design: CRB-SINR Trade-offs 

    Our goal of the design is to minimize the CRB while ensuring each user’s SINR remains above a 
threshold. Additionally, we impose a per-antenna power limit on each node’s transmit antennas. A 
typical formulation of the problem is  

minimize  tr( [ 𝐹(𝛩)]−1), 
 𝑠. 𝑡.    𝛾{𝑐,𝑢,𝑙} ≥ 𝛤𝑐 , 

[𝑅𝑛]{𝑚,𝑚} ≤ 𝑃𝑇 . 

(2-5) 

    Here, 𝐹(𝛩) depends on the design of the waveforms, which influences both power and cross-
correlation properties for radar sensing. Meanwhile, 𝛾{𝑐,𝑢,𝑙} depends on 𝑥{𝑐,𝑛,𝑙}, the communication 

precoding. Because 𝑥{𝑠,𝑛,𝑙} and 𝑥{𝑐,𝑛,𝑙} share the same power budget, these signals must be allocated 

in a manner that balances sensing and communication demands. For D-JCAS signalling design, we give 
the three different signalling designs depending on signal structures: optimal, orthogonal, and 
beamforming designs. They are investigated as follows: 

1) Optimal Design (P.1) 

    The optimal design imposes no restrictions on how each node’s radar and communication 
waveforms correlate across subcarriers. This means that cross-node and cross-subcarrier correlations 
can be exploited in principle. In a semidefinite relaxation (SDR) approach, the design variables become 
large PSD blocks capturing the communication and radar signal covariances for every node and 
subcarrier. Because the system is noncoherent, each user’s SINR sums power terms from multiple 
nodes independently, whereas the FIM for radar incorporates cross-node correlations if waveforms 
are correlated. Solving this yields the theoretical best CRB under the constraints. However, the high 
dimensionality of PSD matrices can make (P.1) computationally expensive. After a solver obtains a 
solution, a rank-1 factorisation step is needed to extract individual beam vectors for each user and 
subcarrier. 

2) Orthogonal Design (P.2) 

    The orthogonal design reduces complexity by enforcing subcarrier orthogonality among nodes. 
Specifically, node n is assigned a subset of subcarriers that do not overlap with those assigned to node 
𝑚 ≠ 𝑛. A common technique is subcarrier interleaving. This ensures that cross-node signal 
correlations vanish across subcarriers, simplifying both the communication SINR constraints and the 
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radar FIM computations. Consequently, the design variables for each node’s subcarrier become 
decoupled from those of other nodes. The resulting semidefinite program is smaller in size and can 
often be solved more readily. While orthogonal design may sacrifice some potential benefits of cross-
node cooperation in radar, it retains many advantages of distributing multiple nodes and typically 
achieves near-optimal CRB for moderate setups. Moreover, rank-1 extraction is less complicated, as 
each subcarrier is handled largely in isolation. 

3) Beamforming Design (P.3) 

    The beamforming design further reduces complexity by imposing uniform radar beamforming 
across all subcarriers within each node. Instead of independently optimising radar signals per 
subcarrier, node n uses a fixed beamforming matrix for its radar signal across the entire bandwidth. 
The motivation is that AOA estimation primarily relies on spatial shaping, while TOF estimation is not 
optimised in this design. Consequently, the CRB generally worsens in terms of range accuracy. 
However, the gain in computational complexity can be substantial, as we only optimise one radar 
beam per node, rather than one per node-subcarrier pair. This approach can be effective in systems 
where angle estimation is paramount, and range resolution can be tolerated at a coarser level.  

    Overall, the choice among these three depends on system requirements (precision vs. complexity), 
the range of expected target positions, and the number of users or subcarriers. In many practical 
scenarios, orthogonal design (P.2) strikes a good balance, although some deployments prioritize the 
simplest beamforming approach, while others can afford the fully optimal method for maximum 
sensing performance. 

2.3.5 Over-the-Air Time-Frequency Synchronisation in D-JCAS  

    Accurate and reliable synchronisation is essential for both communication and sensing in a 
distributed JCAS system investigated in 6G-MUSICAL. Relying solely on optical clock distribution or 
GNSS for time and frequency synchronisation may not be feasible in complex environments, such as 
urban canyons or indoor settings, where the implementation of the wireline infrastructure is limited, 
or satellite signals can be obstructed [3]. To ensure robust performance, distributed JCAS systems 
require over-the-air self-synchronisation techniques that maintain coordination without external 
references. Traditional over-the-air synchronisation methods depend on line-of-sight (LoS) links, but 
in many real-world scenarios, LoS links may be unavailable. To address this challenge, 6G-MUSICAL 
presents a novel synchronisation approach that leverages reflections from multiple objects or 
scatterers in the environment, which is a unique advantage of JCAS systems. 

    The method described in the deliverable D3.1 capitalizes on the fact that when two nodes observe 
the same objects from different positions, they experience timing and frequency shifts in a reciprocal 
manner, meaning the shifts are equal in magnitude but opposite in direction. This property is defined 
as offset reciprocity (OR). By exploiting OR, a high-accuracy synchronisation framework is developed, 
which compresses multiple reflected signals into a single offset value, enabling precise time and 
frequency alignment. This approach not only improves synchronisation accuracy but also eliminates 
the need for dedicated reference signals, making it a practical and scalable solution for D-JCAS 
systems. 

2.3.6 Signal and Sensing Channel Model 

     An OFDM is utilised for both wireless synchronisation and downlink JCAS operations. To ensure 
clarity, the signal model follows a general OFDM framework, incorporating preambles, pilots, and JCAS 
signals, which include modulated communication data for transmission. This structured signal model 
enables over-the-air synchronisation while supporting seamless communication and sensing functions 
with the distributed JCAS system. The transmitted OFDM signal at the 𝑛th JCAS node in the D-JCAS 
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system is given by  

𝑠𝑛(𝑡) =
1

√𝑃
∑∑𝑋𝑛[𝑝,  𝑞]

𝑃

𝑝=0

𝑄

𝑞=0

⋅ exp (𝑗 (2𝜋(𝑓𝑐  + 𝛿𝑓,𝑛 + 𝑝Δ𝑓)(𝑡

− 𝛿𝑡,𝑛))) ⋅ Π (
𝑡 − 𝛿𝑡,𝑛 − 𝑞𝑇

𝑇 
), 

(2-6) 

where P and Q represent the number of OFDM subcarriers and symbols, respectively. The term 
𝑋𝑛[𝑝, 𝑞] denotes the (p,q)-th element of the modulated symbol matrix 𝑋𝑛. The carrier frequency is 
denoted by 𝑓𝑐, while 𝛿𝑡,𝑛 and 𝛿𝑓,𝑛 represent the TO and CFO relative to a reference node. Without loss 

of generality, we set the reference node index as n=1. We assume that the transmitted sequences are 
fully orthogonal. Additionally, the cyclic prefix (CP) is omitted in this formulation, as CP removal during 
receiver processing prevents inter-symbol interference (ISI). 

    In the frequency-domain representation, the received signal at the node n, which is transmitted 
from the other nodes and reflected by scatterers is expressed as 

     𝑌𝑛 = ∑ 𝑌𝑛,𝑚
𝑁
𝑚=1   + 𝑍𝑛, 

    𝑌𝑛,𝑚 = 𝐻𝑛,𝑚  ⊙  𝑋𝑚, 

          𝐻𝑛,𝑚 = 𝛬𝑡,𝑛,𝑚 Ψ𝑛,𝑚 𝛬𝑓,𝑛,𝑚, 

(2-7) 

where  ⊙ denotes the Hadamard product.  Ψ𝑛,𝑚 represents the true target channel matrix free from 

TO and CFO effects.   𝛬𝑡,𝑛,𝑚 and 𝛬𝑓,𝑛,𝑚 denote TO and CFO between nodes n and m, respectively. Also, 

𝑍𝑛 is the additive white Gaussian noise (AWGN) at the note n. It is readily observed that the target 
channel 𝐻𝑛,𝑚 includes the impact of TO and CFO, introducing distortions in target range and Doppler 
estimation unless properly compensated. To estimate a specific sensing channel 𝐻𝑛,𝑚 from the 
received signal, the frequency-domain matched filtering is performed by using the transmitted signal 
from node 𝑚. 
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Figure 3- Illustration of reciprocal bistatic sensing links utilised for the proposed over-the-air time-frequency 
synchronisation. 

2.3.7 Proposed Signal Processing for Fine-grained Over-the-Air Synchronisation 

    In the proposed over-the-air synchronisation framework, the offset reciprocity in reciprocal bistatic 
sensing channels is utilised. Since multiple unknown reciprocal bistatic sensing links exist, as illustrated 
in Figure 3, these links can be leveraged to estimate TO and carrier frequency offset CFO between two 
JCAS nodes. The key principle is that while the actual target range and Doppler parameters in 
reciprocal bistatic links remain unchanged, the TO and CFO effects appear symmetrically in opposite 
directions, which is mathematically written as 

𝛬𝑡,𝑛,𝑚 = 𝛬𝑡,𝑚,𝑛
𝑐 , 

𝛬𝑓,𝑛,𝑚 = 𝛬𝑓,𝑚,𝑛
𝑐 , 

(2-8) 

where denotes the conjugate operator. This OR properties for TO and CFO allow us to estimate them 
without directly determining target parameters. 

  The proposed signal processing framework enables synchronisation by focusing solely on TO and CFO 
estimation, regardless of the number of targets. Unlike traditional methods, it does not require prior 
knowledge of targets or the locations of JCAS nodes, making it a flexible and scalable solution for 
distributed JCAS systems. As a first step of the proposed technique before applying super-resolution 
estimators for TO and CFO estimation, we develop a bistatic signal matching (BSM) procedure to 
aggregate multiple scattered signals into a single offset for estimation. 

The over-the-air synchronisation in distributed JCAS is implemented with the following steps: 

1. Delay-Doppler pre-processing to decouple delay and Doppler parameters for TO and CFO 
estimation. This reduces computational complexity compared to two-dimensional signal 
processing for joint TO and CFO estimation. 

2. Bistatic signal matching of the reciprocal bistatic measurements. It is implemented by the 
conjugate multiplication of the reciprocal bistatic signals in time domain (for TO) and frequency 
domain (for CFO). 

3. Apply super-resolution offset (SOE) estimators to get the fine-grained TO and CFO to the 
matched signals. Two different super-resolution estimators, maximum likelihood estimator 
(MLE) and matrix pencil (MP) approach, are developed. Here, they are denoted as SOE-MLE and 
SOE-MP, respectively. 

4. Compensate the estimated TO and CFO at the received sensing signals. 

 Performance Evaluations 

2.4.1 Performance Evaluations – D-JCAS Signalling Design 

   First, we validate the CRB-SINR trade-offs of the three designs, as shown in  Figure 4 (a). The 
proposed D-JCAS transmit signal designs clearly demonstrate trade-offs between sensing and 
communication performance. As expected, the optimal signal design (P.1) achieves the best 
sensing performance compared to the other two designs utilizing orthogonal signal transmission. 
This result indicates that orthogonal signals for distributed MIMO radar do not guarantee optimal 
sensing performance for target localisation. Furthermore, the overall JCAS performance degrades 
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as the number of users increases in all three designs, and the maximum achievable 
communication SINR also decreases. 

(a) (b) 

 
 

Figure 4-JCAS trade-off performances of the proposed D-JCAS transmit signal designs (a) with 
varying numbers of users and (b) with varying numbers of JCAS nodes. The number of targets is 𝐾 =

2.  

  

 

 

 

Figure 5- Comparisons of the execution time with respect to the number of subcarriers. 

 

   In Figure 4 (b), we illustrate the JCAS performance gain of D-JCAS with varying numbers of 
cooperative nodes. Here, the JCAS nodes are positioned all equidistant from the origin. As the number 
of cooperative nodes increases, we observe performance improvements in both sensing and 
communication. From the perspective of communication performance, this cooperation gain stems 
from noncoherent CoMP transmission, which leverages the power combining gain of distributed JCAS 
nodes. For target localisation, the performance gain arises from the noncoherent processing of the 
distributed MIMO radar, utilizing TOF measurements to localize the target [4]. It is worth noting that 
this cooperative sensing gain is significantly influenced by the geometry of the target and node 
positions [4]. Furthermore, the optimal number of distributed JCAS nodes can be determined by 
considering the antenna-to-node allocation for a given cooperative node density [5]. The markers (#, 
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△, and □) on the lines represent the extracted solutions derived from the optimal solutions of the 
respective SDP problems. 

    We empirically evaluate the execution time of each D-JCAS transmit signal design. The measured 
execution times are averaged over 100 trials. As shown in Figure 5, for all three design methods, the 
execution time increases with the number of subcarriers, consistent with the complexity trends. As 
expected, the optimal signal design (P.1) exhibits the longest execution time among the three designs. 
The three designs demonstrate clear performance-complexity trade-offs. Consequently, one can 
select an appropriate design based on the system requirements such as computational resources. 

2.4.2 Performance Evaluations – D-JCAS Over-the-Air Synchronisation 

    The overall system parameters are set as follows: the OFDM signal bandwidth is 50 MHz, and the 
number of OFDM subcarriers and symbols are 𝑃 = 64 and 𝑄 = 32, respectively. Since the proposed 
method is designed to provide fine-grained offset estimation and compensation, the standard 
deviations of the initial TO and CFO are set to 20 𝑛s and 10 kHz, respectively. The bottom-line target 
localisation performance in noncoherent distributed JCAS is evaluated, which validates the 
effectiveness of the proposed over-the-air synchronisation. 

 

Figure 6- Target localisation accuracy in distributed JCAS with varying time-offsets between nodes. 

 

(a) (b) 

 
 

Figure 7-Target localisation accuracy vs. communication SINR trade-offs in D-JCAS under different 
synchronisation approaches: (left) D-JCAS performance with centralised  processing, and (right) D-JCAS 
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performance with decentralised  processing for target localisation. 

 

 

Figure 8- Performance gain of D-JCAS with various synchronisation approaches compared to the single-node 
JCAS system. 𝑀 denotes the number of transmit antennas at each JCAS node. 

    Figure 6 illustrates the impact of synchronisation on the target localisation performance in a 
distributed JCAS system for both centralised  and decentralised  processing. The analysis assumes that 
nodes are randomly deployed with a density of 100 nodes per square kilometer. In centralised  
processing, localisation is achieved by fusing signal-level data from all JCAS nodes. As a result, both 𝑁 
monostatic links and (𝑁2 − 𝑁) bistatic links contribute to the target localisation process, leading to 
higher accuracy due to the increased number of measurements. For decentralised processing, each 
node performs target localisation independently. In this case, only the estimated TOFs from a single 
monostatic link and (𝑁 − 1) bistatic links are combined for localisation. This approach reduces 
communication overhead but may result in lower localisation accuracy compared to centralised  
processing. 

    In the simulated results, centralised processing demonstrates more robust localisation performance 
against time synchronisation errors compared to decentralised  processing. This is because monostatic 
measurements, which are unaffected by time offset, help compensate for errors in bistatic 
measurements caused by time offset. In the decentralised case, target localisation error increases 
proportionally with time synchronisation error. However, its impact decreases as the number of nodes 
grows. A larger number of nodes provides more independent bistatic measurements, increasing 
spatial diversity and enabling the JCAS system to mitigate synchronisation errors through the fusion 
of multiple bistatic measurements. 

    The JCAS trade-off performance obtained by applying different synchronisation techniques supports 
this analysis, as shown in Figure 7. The performance of decentralised processing is significantly 
affected by time offset between JCAS nodes. With only a single monostatic link available, it cannot 
compensate for errors in bistatic measurements. Additionally, distributed JCAS performance using 
synchronisation based on spectral cross-correlation shows a noticeable performance gap compared 
to the case without synchronisation errors. This highlights the advantage of the proposed super-
resolution offset estimation techniques, which enable fine-grained offset estimation for improved 
synchronisation accuracy. 

    D-JCAS improves target localisation by leveraging spatial diversity in distributed MIMO radar but is 
sensitive to synchronisation errors. Figure 8 compares noncoherent D-JCAS with a single-node JCAS 
system. When using the same number of antennas per node, D-JCAS achieves better localisation 
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accuracy and SINR due to power combining. However, a single-node JCAS system with an equivalent 
total number of antennas attains higher SINR due to coherent gain. While D-JCAS benefits from spatial 
diversity, spectral CC-based synchronisation (250 ps accuracy) prevents it from outperforming the 
single-node system. In contrast, the proposed SOE-MP technique (10 ps accuracy) provide enough 
cooperative sensing gain even with the decentralised  processing. 

 Future Work 

     Future work of signalling design involves investigating coherent D-JCAS systems, where distributed 
nodes achieve phase-level synchronisation to allow signals to add coherently at the communication 
receivers and the radar front-end [5]. Such coherent designs could potentially unlock further gains in 
communication performance and improve parameter estimation accuracy. However, the challenge of 
mitigating phase noise and maintaining precise alignment across multiple geographically separated 
antennas is non-trivial. Advanced phase-tracking algorithms, hardware calibration, and robust 
synchronisation protocols would be needed to ensure reliable phase coherence, especially under real-
time, dynamic operating conditions. 

     A second area of interest lies in developing more efficient decentralised designs that lower the 
reliance on a central processing unit. While a centralised CPU can optimise signals globally, it may 
incur significant overhead in data exchange, computational load, and latency. By contrast, 
decentralised approaches would allow nodes to make local decisions, potentially relying on partial or 
shared information to coordinate radar and communication resources. This distributed strategy could 
substantially reduce D-JCAS signalling and be more robust to node failures, but it raises new questions 
about how to ensure near-optimal performance in the presence of incomplete global knowledge and 
inherently asynchronous distributed nodes. 
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3 Hybrid Beamforming Design For Communication-Centric JCAS 

     This Section aims to design precoding techniques for JCAS systems. Specifically, it focuses on the 
design of a hybrid analogue-digital beamforming for multi-user and multi-beam JCAS scenarios. We 
first give the main objectives below. 

 Objectives 

    The hybrid architecture is essential as it offers a practical trade-off between hardware cost, power 
consumption, and system performance, enabling scalable and energy-efficient implementations of 
JCAS systems with large-scale transceiver arrays. The work clearly fits in T3.2, which is devoted to 
precoding and receiver design. Among the specific objectives listed for the task, it is written in the 
DoW: 

• exploring optimisation-based approaches with weighted communication – radar metrics, 

communication optimisation with radar constraints and vice-versa; 

• explore hybrid analogue-digital transmission to allow JCAS transmission using limited 

numbers of RF chains at the transceivers. 

   Specifically, the work addresses these two points by proposing an algorithm for optimising the hybrid 
beamformer that maximizes a weighted sum-rate, subject to both power and radio-sensing 
constraints. Furthermore, the solution supports hybrid transmission with a limited number of RF 
chains, contributing to the objective of achieving energy-efficient precoding under practical hardware 
constraints. 

   The hybrid beamforming design for communication-centric JCAS presented in this document directly 
supports several 6G-MUSICAL use cases by enabling efficient joint sensing and communication. For 
Indoor AGV Localisation (Use Case 1), the hybrid beamforming algorithm optimises multi-beam 
steering to achieve sub-meter precision in warehouse environments, while the power-efficient HAD 
architecture (with limited RF chains) reduces hardware costs—key for scalable deployments. Similarly, 
Smart Convoys (Use Case 2) benefit from the weighted sum-rate maximization, which ensures reliable 
V2X communication (meeting SINR thresholds) while maintaining radar-like sensing for platoon 
coordination. The framework’s ability to enforce radio-sensing constraints (e.g., minimum 
beampattern gain Δ𝑞) is critical for Intruder Detection (Use Case 3) and UAV Monitoring (Use Case 

6), where robust target illumination is required despite dynamic interference. 

    The proposed algorithm outperforms existing methods in balancing communication and sensing 
performance, as demonstrated by its superior sum-rate and guaranteed constraint fulfilment (0% 
outage probability for Δ𝑞). This reliability is essential for Railway Intrusion Detection (Use Case 8), 

where missed detections (< 1%) could have severe safety implications. Additionally, the SNR-adaptive 
performance ensures consistent operation in Weather Monitoring (Use Case 5), where environmental 
conditions may degrade signal quality. Future work on joint receivers will further enhance these use 
cases by addressing multipath-rich environments like smart homes (Fall Detection, Use Case 7) and 
urban areas (Road Fault Identification, Use Case 4), closing the loop on end-to-end JCAS integration. 

 Main Activities 

     The following presents a novel precoding design method for JCAS scenarios, in which both 
communication and sensing metrics are jointly considered in the design process. The work was 
conducted under Task 3.2 and contributes to the objectives of WP3, particularly regarding the design 
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of precoders for the JCAS scenario. Specifically, it addresses the design of fully-connected hybrid 
beamforming for a multi-user and multi-beam JCAS system, where both communication and radio-
sensing functionalities are jointly considered. Unlike prior methods that usually fail to fulfil 
communication/sensing constraints, the proposed approach ensures that these are consistently met. 
The algorithm leverages the spatial dimension to jointly enable communication and radar 
functionalities. The following sections present the system model and provide a detailed description of 
the iterative alternate optimisation algorithm developed for the design of hybrid beamforming 
matrices that meet the dual performance requirements. 

 System Model 

   The scenario under consideration is depicted in Figure 9. The transmitter base station (BStx) is 
equipped with a uniform linear array (ULA) holding Ntx antenna elements. The BStx jointly transmits data 

towards K single-antenna UEs, while steering Q RSbs to specific locations. The BStx jointly serves K single-
antenna user equipment (UE) and steers Q radio-sensing probing beams (RSb) pointing towards ϕq 
directions for target detection. The channel between the BStx and UEs can be either LoS or non-line-
of-sight (NLoS), while the targets are assumed to have LoS with the BStx and are illuminated by the 
RSbs. 

 

Figure 9- Illustration of the considered JCAS scenario. 

    In Figure 9, the radio-sensing signal processing, namely target detection and estimation of targets 
parameters, is done in a bistatic receiver (designated as BSrx) or a central unit (CU) as proposed in [6]. 
The reason to consider a bistatic topology is related to the self-interference issues inherent to the 
monostatic topologies. In this arrangement, the communication signals can be used for sensing as 
either the CU or BSrx knows the communication signals transmitted by the BStx. In the following, it is 
assumed that the channel state information (CSI) is known by BStx. The CSI may be acquired by utilizing 
pilot signals, where conventional techniques like minimum mean squared error (MMSE) and least-
squares (LS) [7] can be used. Considering FDD, the channel is estimated at the UE, and the parameters 
are transmitted through an appropriate channel to the BStx. If TDD is considered, the BStx may exploit 
the uplink-downlink reciprocity to estimate the uplink channel and then use it in the downlink slot. 
Also, to guarantee that objects in a given geographical area are illuminated with enough power, BStx 
knows the required power of the transmit beampattern in the direction of the radio-sensing probing 
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beams. 

3.3.1 A. Transmitted Signal Model 

    We consider downlink transmission for an MU-MIMO system operating in the mmWave band. In 
order to minimize power consumption, the BStx uses an HAD beamformer with 𝑁𝑅𝐹  RF chains. It is 
assumed that the data symbols used for communications are also used for radio-sensing purposes. 
Consequently, the transmitted signal can be expressed as 

𝐱 = 𝐖𝑎𝐖𝑑𝐬, 3(3-1) 

where 𝒔 = [𝑠1, ⋯ , 𝑠𝐾]
𝑇 ∈ 𝐶𝐾  denotes the transmitted data stream, 𝑾𝑑 = [𝑾𝑑,1,⋯ ,𝑾𝑑,𝐾] ∈

𝐶𝑁𝑅𝐹×𝐾 represents the digital precoder, for which 𝒘𝑑,𝑘  is the precoder vector intended for the 𝑘th 

UE, and 𝑾𝑑 ∈ 𝐶
𝑁𝑡𝑥×𝑁𝑅𝐹  is the analogue precoder. The transmitter model assumes that the entries of 

𝒔 are independent with unitary power, 𝐸[𝒔𝒔𝐻] = 𝑰𝐾. In addition, a fully connected HAD architecture 
is considered, where each RF is connected to all antenna elements via phase shifters. As a result, each 

element of 𝑾𝑎  has a constant modulus (CM), given by ((𝑁𝑡𝑥𝑁𝑅𝑓)
1

2)
−1

. Furthermore, the available 

power budget of the JCAS-BS is constrained by 𝑃𝑇  as 

||𝑾𝒂𝑾𝑑||
𝟐 ≤ 𝑷𝑇 . (3-2) 

3.3.2  Communication Model 

      The signal received at the 𝑘th UE can be represented as 

 𝑦𝑘 = 𝐡𝑘
𝐻𝐖𝑎𝐰𝑑,𝑘𝑠𝑘 

+𝐡𝑘
𝐻𝐖𝑎 ∑ 𝐰𝑑,𝑖𝑠𝑖

𝐾

𝑖=1,𝑖≠𝑘

+ 𝑛𝑘 , 

(3-3) 

where the first term corresponds to the desired signal, the second term is the inter-user interference, 
and 𝑛𝑘  models the receiver noise, which is additive white Gaussian noise (AWGN) with zero mean and 

variance 𝜎𝑘
2. The vector 𝒉𝑘 ∈ 𝐶

𝑁𝑡𝑥  represents the channel between the kth single-antenna UE and the 
BS. The communication channel 𝒉𝑘 ∈ 𝐶

𝑁𝑡𝑥  can be modelled as in [8], formally 

𝐡𝑘 =
1

√𝐻
∑αℎ𝐚𝑁tx

(θℎ)

𝐻

ℎ=1

, 
(3-4) 

 

where H is the number of paths, 𝛼ℎ  stands as the complex gain of the ℎth path, and the vector 
𝐚𝑁tx

(θℎ)represents the transmit array response vector in the direction of 𝜃ℎ. The SINR of the 𝑘th UE 

is given by, 

SINRk =
|𝐡𝑘
𝐻𝐖𝑎𝐰𝑑,𝑘|

2

∑ |𝐡𝑘
𝐻𝐖𝑎𝐰𝑑,𝑖|

2
𝑖≠𝑘 + σ𝑘

2
. 

(3-5) 

 

   The rate of the 𝑘th UE can be obtained as  
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𝑅𝑘 = log(1 + 𝑆𝐼𝑁𝑅𝑘) (3-6) 

 

3.3.3  Radio-Sensing Model 

   For radio-sensing purposes, the BS directs 𝑄 sensing probing beams toward 𝜙𝑞∀𝑞. Therefore, the 

transmitted signal in the direction of the 𝑞th radio-sensing probing beam is given by, 

𝑔𝑞 = 𝐠𝑞
𝐻𝐖𝑎∑𝐰𝑑,𝑘𝑠𝑘

𝐾

𝑘=1

, 
(3-7) 

 

where 𝒈𝑞 ∈ 𝐶
𝑁𝑡𝑥   represents the transmit array response vector in the direction 𝜙𝑞. Hence, the 

average power of the transmit beampattern in the direction ϕq can be represented by [9], 

 G(ϕ𝑞) = 𝑔𝑞
𝐻𝑅𝑔𝑞 , (3-8) 

where 𝑹 is the covariance matrix of the transmitted signal 3. 

 Hybrid Beamforming Algorithm 

    This section describes the proposed algorithm. The problem is formulated as the weighted sum-rate 
maximization [10], subject to total power budget and radio-sensing constraints. The considered 
optimisation problem is non-convex and difficult to solve [10], [11]. Hence, it is reformulated into a 
more tractable form by using the equivalence between the maximization of the weighted sum-rate 
and the WMMSE minimization optimisation problem [11]. However, in contrast to the scenario of [11], 
for which a closed-form solution exists, the hybrid architecture and radio-sensing constraints 
considered in our problem prevent the existence of such a closed-form solution. Therefore, we 
develop a novel iterative alternate optimisation algorithm for designing the fully-connected hybrid 
beamforming matrices. 

3.4.1  Problem Formulation 

   The problem under consideration involves designing the hybrid beamforming matrices to maximize 
the weighted sum-rate of the downlink communication system while satisfying the total power budget 
and a transmit beampattern gain in the direction of the radio-sensing probing beams. Consequently, 
the problem can be formulated as, 

max
𝐖𝑎,𝐖𝒅

∑α𝑘𝑅𝑘
𝑘

 𝑠. 𝑡.  

  |𝐖𝑎𝐖𝑑||𝐹
2 ≤ PT,  

G(ϕ𝑞) ≥ Δ𝑞 ,  ∀𝑞,𝐖𝑎 ∈ 𝒜 

(3-9) 

 

where αk is a weight that determines the priority assigned to the kth UE, ∆q represents the threshold 
that determines the minimum required power of the transmit beampattern in the direction of the qth 
radio-sensing probing beam. The set 𝒜 describes the feasible set of analogue beamforming matrices 
with CM. 
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3.4.2  WMMSE-Based Equivalent Optimisation Problem 

   The optimisation problem (3-10) exhibits a non-convex structure. This is because of the non-convex 
nature of both the objective function and the sets represented by the second and third constraints. 
Using the equivalence between maximization of the weighted sum-rate and minimization of the 
WMMSE [11], the problem (3-10) can be equivalently formulated as 

min
𝐖𝒂,𝐖𝒅,𝜔𝑘,𝑢𝑘

∑𝛼𝑘𝜔𝑘𝑒𝑘
𝑘

− log(𝜔𝑘), 

𝑠. 𝑡. |𝐖𝑎𝐖𝑑||𝐹
2 ≤ PT, G(ϕ𝑞) ≥ Δ𝑞 ,  ∀𝑞,  

𝐖𝑎 ∈ 𝒜 , 

(3-10) 

where 𝜔𝑘 and 𝑢𝑘  are the 𝑘th UE weight and equalizer, and 𝑒𝑘  is the mean squared error (MSE) 
between the soft decision 𝑠̂𝑘  and the transmitted signal 𝑠𝑘. The MSE follows from 𝑒𝑘 =
𝐸[(𝑠𝑘 − 𝑠̂𝑘)(𝑠𝑘 − 𝑠̂𝑘)

𝐻], formally 

 𝑒𝑘 = |1 − 𝑢𝑘
∗𝐡𝑘

𝐻𝐖𝑎𝐰𝑑,𝑘|
2

+∑|𝑢𝑘
∗𝐡𝑘

𝐻𝐖𝑎𝐰𝑑,𝑖|
2
,

𝑖≠𝑘

  

(3-11) 

where, the soft decision 𝑠̂𝑘  follows from 𝑠̂𝑘 = 𝑈̂𝑘𝑦𝑘 and 𝑦𝑘  is the received signal at the 𝑘th UE, refer 
to (3-3). The previous establishes that minimizing the WMMSE (3-11) is equivalent to maximizing the 
weighted sum-rate (3-10). However, solving (3-11) is simpler due to its quadratic objective function. 
To solve (3-11) an alternate optimisation method could be used, where 𝑤𝑘  and 𝑢𝑘  have closed-form 
optimal solutions. The optimal solution for 𝑢𝑘  is given by the MMSE receiver,  

𝑢𝑘
∘ = jk

-1hk
HW𝑎wd,k, (3-12) 

where 𝑗𝑘 = ∑ |ℎ𝑘
𝐻𝑊𝑎𝑊𝑑,𝑖|

2𝐾
𝑖=1 + 𝜎𝑛𝑘

2   is the variance of the received signal at the 𝑘th UE, while 𝒘𝑘  

optimal solution is  𝒘𝑘 = 𝑒𝑘
−1[11]. However, due to the non-convex nature of the CM and radio-

sensing constraints, to our best knowledge, it is not possible to find a closed-form solution for the 
hybrid beamforming matrices. Consequently, an iterative alternate algorithm has been developed to 
obtain 𝑾𝑎  and 𝑾𝑑, under the assumption that the remaining variables remain fixed. 

3.4.3  WMMSE-Based Equivalent Optimisation Problem 

    This section provides a comprehensive description of the proposed iterative alternate 
algorithm for obtaining 𝑾𝑎and 𝑾𝑑. As mentioned earlier, the second and third constraints of (3-10) 
define non-convex sets, making (3-11) a challenging problem to solve. To address the non-convexity 
of the second constraint, it is replaced with a more restrictive and convex constraints. On the other 
hand, the nonconvexity of third constraint is handled by resorting to several transformations (i.e., 
upper-bound function, projection, equivalent problems, etc.) that result in a version of (3-11) where 
a solution for 𝑾𝑎 and 𝑾𝑑  can be found. 

   Under the alternate minimization framework, 𝑾𝑎 and 𝑾𝑑 be solved over (3-11), when 𝑤𝑘 = 𝑤̂𝑘
 and 

𝑢𝑘 = 𝑢̂𝑘  are fixed. Thus, by substituting (3-12) into (3-11), we can reframe the optimisation problem 
as follows, 
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min
𝐖𝒂,𝐖𝒅

‖𝚽1/2(𝐈 − 𝚿𝐇UE
𝐻𝐖𝑎𝐖𝑑)‖𝐹

2
| 

  𝑠. 𝑡. |𝐖𝑎𝐖𝑑||𝐹
2 ≤ 𝑃𝑇    

1

√𝐾
∑ℜ(𝐠𝑞

𝐻𝐖𝑎𝐖𝑑𝐞𝑘)

𝑘

= Δ𝑞
1/2
,  ∀𝑞,𝐖𝑎 ∈ 𝒜 

(3-13) 

 

where 𝚽 = diag(α1ω1,⋯ , αKωK ), 𝚿 = 𝑑𝑖𝑎𝑔(𝑢1
⋆, ⋯ , 𝑢𝐾

⋆ ) and 𝑯𝑈𝐸 = [𝒉1,⋯ , 𝒉𝐾]. The objective 
function in (3-13)  is the same as in (3-10) but in matrix form, using (3-11). To handle constraint (3-9), 
which is non-convex, it was replaced by (3-13). This new constraint is convex but it is more restrictive 
since the set defined by this constraint is a subset of (3-9) [12].  

   The previous optimisation can be reformulated by defining the Lagrangian function  

min
𝐖𝒂,𝐖𝒅

‖𝚽1/2(𝐈 − 𝚿𝐇UE
𝐻𝐖𝑎𝐖𝑑)‖𝐹

2
| 

𝑠. 𝑡. |𝐖𝑎𝐖𝑑||𝐹
2 ≤ 𝑃𝑇    

1

√𝐾
∑ℜ(𝐠𝑞

𝐻𝐖𝑎𝐖𝑑𝐞𝑘)

𝑘

= Δ𝑞
1/2

 ∀𝑞,𝐖𝑎 ∈ 𝒜 

(3-14) 

 

that includes the radio-sensing constraints. The reformulated problem is  

min
𝐖𝒂,𝐖𝒅

ℒ(𝐖𝑎,𝐖𝑑 , 𝜇𝑞) ,   𝑠. 𝑡.  𝐖𝑎 ∈ 𝒜 
(3-15) 

 

min
𝐖𝒂,𝐖𝒅

ℒ(𝐖𝑎 ,𝐖𝑑, 𝜇𝑞), s. t.    ‖𝚽1/2(𝐈

− 𝚿𝐇UE
𝐻 𝐖𝑎𝐖𝑑)‖𝐹

2
, and 𝐖𝑎 ∈ 𝒜, 

                      (3-16) 

 

Where 𝜇𝑞  are the Lagrangian multipliers, which are selected such that (3-14) is satisfied, and 𝐺𝑞 =
1

√𝐾
11×𝐾⊗𝒈𝑞  is the radio-sensing steering vector in matrix form.  

   The structure of (3-15) makes (3-16) still a difficult problem. Hence, we define an upper-bound 
function of (3-15). Therefore, the upper-bounded optimisation problem can be recast as  

min
𝐖𝑎,𝐖𝑑

‖𝐖𝑎𝐖𝑑 − 𝐖̂0‖𝐹
2
,

s. t.    |𝐖𝑎𝐖𝑑||𝐹
2

≤ 𝑃𝑇    
1

√𝐾
∑ℜ(𝐠𝑞

𝐻𝐖𝑎𝐖𝑑𝐞𝑘)

𝑘

= Δ𝑞
1/2

 ∀𝑞,𝐖𝑎 ∈ 𝒜 

(3-17) 

 

where  

𝐖̂0 = 𝐖𝑎,0𝐖𝑑,0 − α∇ℒ(𝐖𝑎,0,𝐖𝑑,0, μ𝑞
∗ ), (3-18) 

𝑾𝑎,0and  Wd,0 denote the previous iteration analogue and digital precoders. Also, 𝛼 =
1

𝜆𝑚𝑎𝑥(𝑯ℒ)
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denotes the inverse of the maximum eigenvalue of the Hessian matrix of (3-15), where 𝐇ℒ  = 𝐇̃𝑈𝐸
𝐻 𝐇̃𝑈𝐸 

Additionally, ∇ℒ(𝐖𝑎,0,𝐖𝑑,0)represents the gradient of (3-15)  when evaluated at (𝑾𝑎,0𝑾𝑑,0) which 

is given by  

∇ℒ(𝐖𝑎,0𝐖𝑑,0, μ𝑞)

= 𝐇̃UE
𝐻 𝐇̃UE𝐖𝑎,0𝐖𝑑,0

− 𝐇̃UE
𝐻 𝚽1/2 −

1

2
∑μ𝑞𝐆𝑞
𝑞

. 

(3-19) 

where 𝐇̃UE = 𝚽
1/2𝚿𝑯UE

𝐻  represents an equivalent channel. Note that the upper-bound function is a 
distance that measures how far the hybrid precoder is to a given precoder objective. The precoder 
objective changes from iteration to iteration and can be thought of as the hybrid precoder obtained 
when moving along the steepest descent direction of ℒ. 

    The power constraint when paired with the CM constraint makes the solution of Error! Reference 
source not found. still difficult. Therefore, the power constraint is included in the objective function 
of  )3-17), remaining only the CM constraint. Let 𝐖𝑎

∘, 𝐖𝑑
∘  be the optimal solution to )  3-17), and define 

𝐖𝑎

∘
, 𝐖𝑑

∘
as the optimal solution to  

min
𝐖𝑎,𝐖𝑑

‖𝐖𝑎𝐖𝑑 − 𝐖̂0‖𝐹
2
+ ‖𝐖𝑎𝐖𝑑‖𝐹

2   

 s. t.  𝐖𝑎 ∈ 𝒜. 

(3-20) 

then the optimal analogue solutions are identical in both problems, 𝐖𝑎
∘ = 𝐖𝑎

∘
, and the digital solution 

of (3-19) is a projection of the solution of (3-20) into the set defined by the power constraint, 𝐖𝑑
∘ =

𝒫 (𝐖𝑎

∘
, 2𝐖𝑑

∘
), with the projection operator defined as  

𝒫(𝐖𝑎,𝐖𝑑)

= {

𝐖𝑑 , ‖𝐖𝑎𝐖𝑑‖𝐹
2 ≤ 𝑃𝑇

√𝑃𝑇

‖𝐖𝑎𝐖𝑑‖𝐹
𝐖𝑑 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

(3-21) 

   The previous states that problems (3-20) and  (3-21) are equivalent in the sense that optimisation 
over 𝑾𝑎  is identical in both problems, further details cand be found in [12]. Notice that 𝑾𝑎  solution 
is easier to obtain using (3-21) than  (3-17) since there is no power constraint. Therefore, the solutions 
for 𝑾𝑎  and 𝑾𝑑  an be obtained by alternating over and projecting 𝑾𝑑  using (3-21). The following 
subsections detail how the solutions for 𝑾𝑎  and 𝑾𝑑  are obtained. 

1. Analogue beamforming design:      

   The analogue precoder Wa is obtained by minimizing a simpler upper-bound surrogate function of 

(3-20); details on the derivation can be found in [12]. Therefore, (3-20) can be revisited as 

 

max
𝐖𝑎

ℜ(tr ((𝐖𝑎,0 − β∇f(𝐖𝑎,0))
𝐻
𝐖𝑎)), 

                                    s.t.    𝐖𝑎 ∈ 𝒜, 

(3-22) 
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where 

∇f(𝐖𝑎,0) = (2𝐖𝑎,0𝐖𝑑,0 − 𝐖̂0)𝐖𝑑,0
𝐻  (3-23) 

and β = 1/λmax(𝐇f(𝐖𝑎)) with 𝐇f(𝐖𝑎) = 2𝐖𝑑,0𝐖𝑑,0
𝐻 . From (Error! Reference source not found., the 

optimal solution is given by  

𝐖𝑎 =
1

√NtxNRF
ℛ (𝐖𝑎,0 − β∇f(𝐖𝑎,0)). 

(3-24) 

where ℛ is a retraction over the complex circle manifold defined as,  

ℛ(w) =
w

|w|
 (3-25) 

where w is a complex scalar. For matrices, the retraction is applied to each entry. Note that in (Error! 
Reference source not found. the analogue part is obtained by moving first along the steepest descent 
direction of (3-20) objective, and then projecting the result along the CM constraint to make the 
solution feasible. 

2. Digital beamforming design:  

   The optimal Wd results from solving (3-21), but considering that Wa is fixed to Wa,0. Hence (3-21) 

dcan be reformulated as   

min
𝐖𝑎,𝐖𝑑

‖𝐖𝑎𝐖𝑑 − 𝐖̂0‖𝐹
2
+ ‖𝐖𝑎𝐖𝑑‖𝐹

2  (3-26) 

The solution is given by  

Then, the power constraint is satisfied through the projection as 

𝐖𝑑 = 𝒫(𝐖𝑎,0, 2𝐖𝑑). (3-27) 

 

 Key Results 

   This section validates the proposed algorithm, referred to as ItAlHAD. The ItAlHAD algorithm 
is compared with the fully digital precoder, the two-stage alternating minimization algorithm 
introduced in [8], referred to as TwoS-AltMin, and the method in [9] designated as CADMM. To ensure 
fairness in the comparisons, the hybrid beamforming obtained through the TwoS-AltMin approach 
involves approximating a fully digital precoder generated by the ItAlHAD algorithm, setting 𝑁𝑅𝑓 = 𝑁𝑡𝑥. 

On the other hand, the method in [9] resolves the hybrid beamforming through the CADMM 
algorithm.  

   The following results consider that the BStx is equipped with an ULA holding  𝑁𝑡𝑥 = 32 elements 

spaced by 
𝜆

2
, and the signal-to-noise ratio (SNR) is set to 30 dB. The communication channel is 



Deliverable D3.1 

Page 35 of 78 

6G-MUSICAL Horizon No. 101139176 
 

 

characterized by a mmWave geometric model. Here, θh follows a uniform distribution ranging from 

(−
𝜋

2
,
𝜋

2
], and 𝛼ℎ follows a Gaussian distribution with a mean of zero and unit variance. Additionally 

and unless otherwise specified, the number of scattering paths is set to 10. The power budget of the 
hybrid beamforming is set to 𝑃𝑇 = 1.  

   The convergence of the sum-rate is illustrated in Figure 10. The scenario under consideration involves 

𝐾 = 4  UEs and 𝑄 = 1 radio-sensing probing beam directed towards 10°. Additionally, two 
configurations are examined, namely, fully-connected HAD architectures with 𝑁𝑅𝑓 ∈ {4,8}, 

respectively. Figure 10 presents the convergence obtained over 1000 iterations. Nevertheless, 
simulations indicate that the algorithm reached a stable value considerably earlier.  

 

Figure 10-The convergence of the weighted sum-rate obtained by the proposed ItAlHAD algorithm for fully-
connected HAD architectures with NRF ∈ {4,8}, respectively. 

   It can be verified, from Figure 10, that the algorithm strictly improves performance with the number 
of iterations. Namely, the algorithm converges with approximately 250 iterations for both 
configurations (i.e., 𝑁𝑅𝑓 ∈ {4,8}). Also, it can be noticed that the configuration with 𝑁𝑅𝑓 = 6 

converges to a greater sum-rate, which is due to the two additional RF chains. 

  Figure 11 illustrates the transmitted beampattern for a scenario with 𝐾 = 4  UEs (for ease of 
exposition both the communication and radio-sensing channels are LoS), and 𝑄 = 2 radio-sensing 

probing beams are considered. The UEs are positioned at angles −50°, −20°, 25°, 45°, while the radio-

sensing probing beams point at −10° and 10° . In Figure 11, we consider that the radio-sensing 
constraint is the same for both radio-sensing beams, that is Δ! = Δ2. The result in Figure 11 reveals a 
trade-off between the power of the transmit beampattern in the direction of the radio-sensing probing 
beams and the UEs. It is clear that as the radio-sensing constraints Δ1 and Δ2 values increase, the 
power in the direction of the UEs decreases, which directly influences the sum-rate. Therefore, the 
following result investigates this trade-off and compares it with the fully digital, TwoS-AltMin and 
CADMM algorithms. 
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Figure 11- The resulting transmit beampattern for a scenario with 𝐾 = 4 UEs and 𝑄 = 2 radio-
sensing probing beams, obtained for a hybrid architecture with 𝑁𝑡𝑥 = 32 and 𝑁𝑅𝑓 = 4. 

   Figure 12 displays the trade-off between the mean sum-rate obtained for 𝐾 = 4 UEs and the 
constraint Δ1 for 𝑄 = 1 radio-sensing probing beams. The mean sum-rate is obtained for values of Δ1 

ranging from 0.1 to 0.9, in decibels from 5 to 14.6 dBi. Different HAD configurations are evaluated, 
namely 𝑁𝑅𝑓 ∈ {4, 6}. For ease of presentation, the comparison with the fully digital precoder, and 

TwoS-AltMin algorithm is shown in Figure 12 (a), while the comparison with the CADMM algorithm is 
displayed in Figure 12 (a). The parameter η in  Figure 12 (b) weights the radar and communications 
metrics. A higher η value indicates a better radar performance [9]. The results depicted in Figure 12 
(a) demonstrate that the ItAlHAD algorithm outperforms the TwoS-AltMin algorithm for both HAD 
configurations, 𝑁𝑅𝑓 ∈ {4, 6}. These findings show the superior efficiency of the proposed algorithm. 

Specifically, with only 4 RF chains, the ItAlHAD algorithm achieves better performance compared to 
TwoS-AltMin with 6 RF chains. This occurs because the TwoS-AltMin algorithm fails to deliver an 
accurate approximation of the fully digital precoder when 𝑁𝑅𝑓 < 2𝐾. In addition, we got the result for 

a HAD configuration with 𝑁𝑅𝑓 = 8, but for clarity, the curve was omitted in Figure 12 (a). For 𝑁𝑅𝑓 =

8, the ItAltMin and TwoS-AltMin algorithms exhibit a similar performance, closely approaching that of 
the fully digital solution. In contrast, Figure 12 (b) illustrates that the CADMM algorithm achieves a 
higher mean sum-rate than the ItAlHAD algorithm. However, as it will be further detailed, this is 
because to the high probability that the constraint Δ! may not be fulfilled by the CADMM algorithm. 
This occurs because the method in [9] does not consider Δ1 as constraint but rather minimizes a 
weighted communication/radio-sensing objective function. For comparison, we have set different 
values to the weight 𝜂, but the simulations have shown that meeting a specific radio-sensing constraint 
is quite difficult. Besides, the ItAlHAD and CADMM methods present similar computational complexity, 

but our algorithm always fulfill the set of constraints, in contrast to the CADMM. 
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(a) 

 

(b) 

Figure 12-The trade-off between the mean sum-rate and the constraint 𝛥1 obtained for a scenario 
with 𝐾 = 4 and 𝑄 = 1: (a) comparison with fully digital, and TwoS-AltMin algorithm for 𝑁𝑅𝑓 ∈

{4,6}, (b) comparison with CADMM algorithm for𝑁𝑅𝑓 = 4 and 𝜂 ∈ {0.1, 0.9}. 

    Figure 13 illustrates the cumulative distribution function (CDF) of the power of the transmit 
beampattern in the direction of 𝑄 = 1 (i.e., 𝐺(𝜙1), given by (3-7), for a radio-sensing constraint value 
of Δ1 = 0.3 and 𝑁𝑅𝑓 = 4 . More specifically, Figure 13 displays the CDFs obtained for the proposed 

ItAltHAD, TwoS-AltMin and CADMM algorithms.  

    As illustrated in Figure 13, the proposed ItAlHAD algorithm consistently fulfills the constraint ∆1. 
This remains valid for any HAD arquitecture. In contrast, it can be seen that both the TwoS-AltMin and 
CADMM algorithms do not satisfy the set constraint value Δ1, which is more critical for the CADMM 
algorithm. This means that the outage probability (probability of not satisfying the radio-sensing 
requirements) of the TwoS-AltMin, and the CADMM algorithms are not zero, in contrast to the 
proposed method. For this specific scenario, the outage probability of the TwoS-AltMin is around 2%, 
while the CADMM reported 30%, which is high, and higher than the TwoS-AltMin. Also, the simulations 
showed that the CADMM may even report an outage probability of 100% for specific scenarios. More 
specifically, the outage probability is highly dependent on the 𝜂 alue selected. The lower the η the 
better the mean-sum rate performance but the outage probability degrades significantly, meaning 
that the radar-requested performance target could not be fulfilled. Therefore, in the following we 
constraint the comparison of the proposed ItAltHAD algorithm with the TwoS-AltMin approach. 
Denoting the outage probability of the radio-sensing constraint as 𝑃(𝐺(𝜙1))) ≤ Δ1 tTable 1 
summarizes the outage probability obtained for the TwoS-AltMin algorithm for different HAD 
configurations and values of Δ1 = 0.1, 0.3, 0.5.  

The results in Table 1 showcase that the TwoS-AltMin algorithm cannot guarantee that the constraint 
(3-10), considered in the design of the fully digital precoder, is preserved. 
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Figure 13-The CDF of 𝐺(𝜙1)obtained for 𝛥1 = 0.3 , 𝑁𝑅𝑓 = 4, 𝐾 = 4 and 𝑄 = 1. 

 

 

 

Table 1-The outage probability 𝑃(𝐺(𝜙1)) ≤ 𝛥1 obtained for the TwoS-AltMin algorithm. 

 

∆1 NRF =4  NRF =6  NRF =8 

0.1 20% 15% 4.3% 

0.3 2% 10% 4.9% 

0.5 0 4.6% 4.6% 
 

    Figure 14 investigates the mean sum-rate for different HAD configurations (number of active RF 
chains 𝑁𝑅𝑓). There are assessed two scenarios, where the scheduled UEs are set to 𝑘 ∈ {4,6}. For both 

scenarios 𝑄 = 1 with Δ1 = 0.3.  
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Figure 14-The mean sum-rate with respect to 𝑁𝑅𝑓 for the proposed ItAlHAD, and TwoS-AltMin algorithms. 

    Figure 14 demonstrates that the proposed ItAlHAD algorithm clearly outperforms the TwoS-AltMin 
algorithm for scenarios where 𝑁𝑅𝑓 is less than or equal to twice number of UEs, i.e., 𝑁𝑅𝑓 ≤ 2𝐾. 

Otherwise, both algorithm reports a similar performance in terms of mean sum-rate. The gap for 𝐾 =
𝑁𝑅𝑓  is around 10 bits per channel use between the two methods. The proposed method achieves a 

performance close to the full-digital method with a much lower number of RF chains, leading to 
improved energy efficiency. 

    The result in Figure 15 analyses the mean sum-rate of the proposed ItAlHAD and TwoS-AltMin 
algorithms versus the SNR for 𝐾 = 8,𝑄 = 1 and 𝑁𝑅𝑓 = 8. By observing Figure 15, it becomes evident 

that the proposed algorithm achieves superior performance compared to the TwoS-AltMin algorithm 
when the SNR exceeds 20 dB. However, in the low SNR range, both methods exhibit similar 
performance. Additionally, it is worth noting that the ItAlHAD algorithm demonstrates a linear 
relationship with the SNR, whereas the TwoS-AltMin algorithm appears to exhibit a saturation 
behavior in the high SNR regime. 
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Figure 15-The mean sum-rate versus the SNR values. 

 

 Future Work 

   Building on the current work, which focused on precoding design for JCAS transceivers, future work 
will extend toward the design of joint communication and radar receivers. Specifically, we aim to 
develop receiver architectures that simultaneously process communication signals and radar echoes. 
A key challenge in this context is the separation of these signals in rich scattering environments, such 
as indoor or dense urban scenarios, where interference and multipath effects are significant. 
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4 Precoder and Receiver Design for Cellular Bistatic JCAS Systems  

    This Section provides a precoder and reciver design for the bistatic JCAS system. Below, we first 
focus on the main objective of the problem. 

 Objectives 

     The main objective of this work is to design effective precoders and receivers for bistatic JCAS 
systems in cellular networks. In this setup, a multi-antenna UE transmits both communication and 
sensing signals, while a BS with multiple antennas serves as both a communication receiver and a 
radar receiver. This approach avoids the self-interference challenges of monostatic systems and 
leverages existing cellular synchronization mechanisms, but introduces new design trade-offs 
between power allocation, signal separation, and performance requirements for both sensing and 
communication. 

     The study aims to tackle these challenges by analyzing both the transmitter-side precoding 
strategies and the receiver-side estimation techniques. It investigates performance bounds using the 
CRB and develops practical estimators such as ML, MMSE, and MUSIC for AoA estimation. By 
integrating these designs, the work provides a framework to efficiently balance sensing and 
communication tasks in a shared hardware system. 

   This chapter provides critical solutions to achieve the performance targets defined for use cases in 
the D2.1. Specifically, the bistatic JCAS approach addresses key challenges for Use Cases 1, 2, and 6 by 
enabling simultaneous high-precision sensing and reliable communication. For instance, indoor AGV 
localisation (Use Case 1) requires unambiguous range detection and ultra-low latency, which is 
achieved through optimised precoding vectors. The derived CRB further quantifies the theoretical 

limits for AoA estimation, ensuring the system meets the 1° azimuth accuracy requirement. 

    Moreover, the paper’s MMSE receiver design and ML-based estimation techniques are directly 
applicable to smart convoys (Use Case 2) and UAV intrusion detection (Use Case 6), where dynamic 
environments demand real-time updates. The power allocation trade-offs analyzed in this chapter also 
align with the economic and environmental KVIs, such as reducing CO₂ emissions by improving the 
implementation complexity. By adopting these advanced signal processing methods, the 6G-MUSICAL 
use cases can leverage existing cellular networks for dual-purpose sensing and communication, 
thereby optimising cost, energy efficiency, and scalability. 

 Main Activities 

    Bistatic JCAS systems are attractive, because they do not need to manage the harmful effects of 
self-interference, which poses a fundamental challenge to monostatic systems. However, bistatic JCAS 
systems face the problem of synchronizing the operation of the transmitter (Tx) and receiver (Rx) 
nodes. Fortunately, when the bistatic JCAS operation is implemented by a cellular UE device as the Tx 
node and a multi-antenna BS as the Rx node, time alignment and continuous synchronisation 
mechanisms designed for maintaining bidirectional connectivity are already in place for 
communication [13], [14].  We assume that the UE utilises multi-antenna transmission to transmit the 

pilot/data symbols and simultaneously the sensing symbols, as proposed in, for example, [19]. Some part of the 
energy of the pilot and data signals serve as illuminators of opportunity and get reflected by the source, while 
the BS acts as both a passive radar receiver and a communication receiver. For transmission, the multi-antenna 
UE may utilise multibeam or multilobe as proposed in e.g. [20], [21].   

   Several previous papers have pointed out that JCAS systems need to manage the inherent random-
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deterministic trade-off due to the fact that random signals are suitable for communication, while 
deterministic signals are advantageous for sensing [15]. On the other hand, some recent works have 
suggested that exploiting the spatial domain to separate sensing and communication signals may help 
to address this tradeoff and thereby to meet performance targets even when both the Tx and Rx 
entities in a bistatic JCAS scenario are integrated, as in Figure 16 [16], [17]. 

 

Figure 16- A simple bistatic JCAS system consisting of a  multi-antenna user equipment (UE) that transmits a 
pilot and a  unitary constant envelope data signal in two subsequent time instances, a passive object 

(referred to as the source of the sensing signal, see [18, Chapter~12 ] and a multiantenna base station 
equipped with 𝑁𝑟 receive antennas.  

   Designing JCAS transmitters and receivers for bistatic JCAS operation need to handle the inherent 
tradeoffs at the Tx side, such as the total available transmit power and the degree of freedom enabled 
by the number of Tx antennas. At the Rx side, the JCAS Rx unit has the task of suppressing the 
interference caused by the sensing signal to the communication signal and the interference caused by 
the communication signal to the sensing signal [17]. Interestingly, while the Tx-side tradeoff is well 
analyzed in the literature, the Rx-side impact of integrating sensing and communication has been 
seldom studied. 

    Specifically, when the signals of UE devices are used for sensing purposes (as illustrated in Figure 16), 
there is a trade-off not only between allocating transmit power to pilot and data symbols – which has 
been studied for long, albeit not in JCAS systems [22], [23] – but also between the energy dedicated 
for CSI acquisition, and maintaining appropriate levels of SNR for both communications and sensing 
[24], [25]. 

 

 System Model of a Cellular Bistatic JCAS System for Precoder and Receiver 

Design 

 

  Table 2- System Parameters 

     

Notation Meaning 
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  𝑁𝑟    Number of receive antennas at BS  

 𝑃𝑝, 𝑃𝑑 , 𝑃𝑠; 𝑃TOT =

max(𝑃𝑝, 𝑃𝑑) + 𝑃𝑠  

 Transmit power of pilot, data and sensing signals respectively, and their total sum.  

 𝑃   Number of objects (targets).  

 𝐩 ∈ 𝐶𝑃   Sensing signals from the 𝑃 objects (referred to as sources in [18, Chapter~12].  

 𝜃𝑝 ∈ [−𝜋/2, 𝜋/2]   Angle of arrival of object 𝑝, 𝑝 = 1…𝑃  

 𝐃 ∈ 𝐶𝑃×𝑃   Diagonal sensing matrix.  

 𝐚(𝜃𝑝)  ≜

 [. . . 𝑒𝕚2𝜋𝑗ℓsin(𝜃𝑝). . . ]𝑇 ∈
𝐶𝑁𝑟   

 Steering vector associated with 𝜃𝑝,  𝑗 = 0. . . 𝑁𝑟 − 1, where ℓ denotes the antenna 

spacing per wavelength ratio.  

 𝜽 = [𝜃1, … , 𝜃𝑃]
𝑇   Vector of AoA-s from the 𝑃 objects. 

 𝐀(𝜽)  ≜
 [𝐚(𝜃1)…𝐚(𝜃𝑃)] ∈
𝐶𝑁𝑟×𝑃  

 Steering matrix [18].  

 𝑠; 𝑠∗   Transmitted uplink pilot symbol and its complex conjugate.  

 𝑥 = 𝑒𝕚𝜙; |𝑥| = 1; 𝜙 ∈
[−𝜋,+𝜋]  

 Transmitted unitary normalized uplink data symbol.  

 𝐇 ∈ 𝐶𝑁𝑟×𝑁𝑡; where 
vec(𝐇) ∼
𝒞𝒩(𝟎, Cov(vec(𝐇))) 

 Communication channel matrix between the UE equipped with 𝑁𝑡 transmit 
antennas and the BS equipped with 𝑁𝑟  receive antennas.  

 𝐰 ∈ 𝐶𝑁𝑡    Transmit precoder at the UE.  

 𝐡 ≜ 𝐇𝐰 ∈ 𝐶𝑁𝑟; 𝐡 ∼
𝒞𝒩(𝟎, 𝐂)  

 Complex (effective) channel between UE-BS. 

 𝛼   Path loss between the UE and the BS.  

 𝛼𝑠   Aggregate path loss between Error! Reference source not found. the UE and the 
object and Error! Reference source not found. the object and the BS, including the 
(complex) radar cross section (RCS) of the object.  

 𝐧𝑝, 𝐧𝑑 ∈ 𝐶
𝑁𝑟    Additive white Gaussian noise (AWGN) at the receiver when receiving the pilot and 

data signals.  

 𝐂 ∈ 𝐶𝑁𝑟×𝑁𝑟    Stationary covariance matrix of the effective (block-fading) communication 
channel.  

 𝐲𝑝; 𝐲𝑑 ∈ 𝐶
𝑁𝑟    Received uplink pilot and data signals at the BS.  
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  𝜎2   Variance of the AWGN.  

 𝛀 ∈ 𝐶𝑃×𝑃   Covariance matrix of the 𝑃-dimensional sensing signal in the stochastic model.  

 𝐈(𝜙, 𝜽); 𝐈̃(𝜙, 𝜽)   Fisher information matrix in the deterministic/stochastic model.  

 𝑍(𝐮, 𝐯, 𝜙, 𝜽);  

𝑍̃(𝐮, 𝐯, 𝜙, 𝜽)  

 Loglikelihood function in the deterministic/stochastic model.  

  

    For precoder and receiver design, we consider a fully integrated JCAS scenario, in which both the Tx 
node and the Rx node integrate sensing and communication capabilities, as in Figure 16. This scenario 
is challenging, since it imposes requirements on both the sensing and communication signal 
transmission and reception. Specifically, we consider a SU-MIMO bistatic JCAS system, in which the 
UE device transmits both sensing and communication (i.e. pilot or data) signals [19], [20], and [26], 
see Figure 16. In general, there are 𝑃 objects that reflect the sensing signals. 

     For the JCAS precoder and receiver design, we assume  unitary constant envelope signaling, that is 

the communication symbol 𝑥 is uniformly distributed over the complex unit circle, 𝑥 = 𝑒𝕚𝜙, where 𝜙 
is a random variable with support [−𝜋,+𝜋]. Furthermore, we will denote the transmitted sensing 
symbol by 𝜂, where both 𝑥 and 𝜂 are scalars.  

    As proposed by e.g., [20] and [27], the transmitter node can use proper precoding to spatially 
separate the communication and sensing symbols and avoid or minimize the effect that the 
communication signal has on the sensing process. The combined transmitted symbol then becomes 
(see e.g. [27] for a combined transmitted symbol model):  

𝐰𝑥 +𝐰𝑠𝜂 ∈ 𝐶
𝑁𝑡 , (4-1) 

where 𝐰 and 𝐰𝑠 denote the 𝐶𝑁𝑡  precoding vectors for the communication and sensing symbols 
respectively, and the scalars 𝑥 and 𝜂 denote the transmitted communication symbol and sensing 
symbol respectively and 𝑁𝑡 denotes the number of transmit antennas. 

   The received pilot and data signals at the BS then become:  

𝐲𝑝 = 𝐀(𝜽)⏟  
𝑁𝑟×𝑃

𝐃⏟
𝑃×𝑃

𝐇𝑡(𝐰𝑠
∗ +𝐰𝑠𝜂)⏟          
𝑃×1

+ 𝛼√𝑃𝑝𝐇(𝐰𝑠
∗ +𝐰𝑠𝜂)⏟        
𝑁𝑟×1

+ 𝐧𝑝  

∈ 𝐶𝑁𝑟 , and 𝐲𝑑
= 𝐀(𝜽)𝐃𝐇𝑡(𝐰𝑥 + 𝐰𝑠𝜂)

+ 𝛼√𝑃𝑑𝐇(𝐰𝑥 +𝐰𝑠𝜂) + 𝐧𝑑  

∈ 𝐶𝑁𝑟 , 

                                          

(4-2) 

respectively, where the diagonal sensing matrix, which collects the sensing path loss 𝛼𝑠,𝑖 (which 

includes the radar cross section of the object), and the sensing power 𝑃𝑠 for each object, is defined as: 
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𝐃 ≜ [

𝛼𝑠,1√𝑃𝑠 … 0

⋮ ⋱ ⋮

0 … 𝛼𝑠,𝑃√𝑃𝑠

]  ∈ 𝑅𝑃×𝑃 , 

(4-3) 

𝐀(𝜽)  ∈ 𝐶𝑁𝑟×𝑃 is the steering matrix, and 𝑠 is the uplink pilot symbol (see also Table 2Table 2- System 

Parameters). Furthermore, 𝐇𝑡 is the 𝑃 × 𝑁𝑡  transmitter-objects channel matrix, whose 𝑝𝑡ℎ row 

contains the 𝑁𝑡 dimensional channel between the transmitter and the 𝑝𝑡ℎ object and 𝐇 is the 𝑁𝑟 × 𝑁𝑡 
dimensional communication channel matrix between the transmitter (UE) and the BS, and 𝛼, 𝑃𝑝 and 

𝑃𝑑 denote the communication path loss, pilot and data transmit powers respectively. 

    In this report, similarly to [20] and [27], we assume that 𝑁𝑡 > 𝑃, that is the number of transmit 
antennas must be greater than the number of objects that we intend to sense and that the transmitter 
has perfect CSI so that it can apply proper precoding such that 𝐰 is in the null-space of 𝐇𝑡 (meaning 
that the transmitter zero-forces the communication symbol away from the objects): 

𝐇𝑡𝐰 = 𝟎, and 𝐇𝐰𝑠 ≈ 𝟎. (4-4) 

    Indeed, when such transmit precoding is employed, substituting (Error! Reference source not 
found. into Error! Reference source not found., we have: 

𝐲𝑝 = 𝐀(𝜽)𝐃(𝐇𝑡𝐰𝑠𝜂⏟  
≜𝐩

) + 𝛼√𝑃𝑑 (𝐇𝐰⏟
≜𝐡

𝑠∗) + 𝐧𝑝

∈ 𝐶𝑁𝑟 , 

𝐲𝑑 = 𝐀(𝜽)𝐃(𝐇𝑡𝐰𝑠𝜂) + 𝛼√𝑃𝑑(𝐇𝐰𝑥) +

𝐧𝑑  ∈ 𝐶
𝑁𝑟 ,  

(4-5) 

 where 𝐩 ≜ 𝐇𝑡𝐰𝑠𝜂 ∈ 𝐶
𝑃 is the sensing signal, and 𝐡 ≜ 𝐇𝐰 ∈ 𝐶𝑁𝑟  is the effective communication 

channel. The parameters characterizing this system are summarized in Table 2. As discussed in [18], 
given the above definition of the sensing signal 𝐩, the sensing signal can be advantageously modelled 
as a zero-mean complex normal random variable if 𝐇𝑡 contains complex normal distributed elements. 
However, 𝐩 can also be modeled as a deterministic signal under the assumption that a good estimate 
of 𝐇𝑡 is available at the receiver. 

   Note that this signal model is an extension of the radar signal models used in [18], [26], [27], and 
[28] by explicitly distinguishing the received pilot and data signals (𝐲𝑝 and 𝐲𝑑). We will assume that 

the UE is equipped with multiple transmit antennas that enable it to divide its total transmit power 
between the communication (i.e. pilot and data) signals and the sensing signal, such that their sum 
𝑃TOT = max(𝑃𝑝, 𝑃𝑑) + 𝑃𝑠 remains under a power budget dictated by physical limitations and 

regulatory constraints on the uplink of cellular systems. 

  Benchmark for Precoder and Receiver Design: Establishing Cramér-Rao Bounds 

for Sensing and Communications 

   To proceed, notice that in a SU-MIMO system, the pilot symbol can be set, without loss of generality, 

to 𝑠 = 1. Also, recall that the transmitted symbol is of the form of 𝑥 = 𝑒𝕚𝜙. It will be convenient to 
rewrite Error! Reference source not found. as: 

𝐲𝑝 = 𝐀(𝜽)𝐃𝐩 + 𝛼√𝑃𝑝𝐡 + 𝐧𝑝, (4-6) 
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𝐲𝑑 = 𝐀(𝜽)𝐃𝐩 + 𝛂√𝑃𝑑𝐡𝑒
𝕚𝜙 + 𝐧𝑑 . (4-7) 

   Recalling the system model and Table 1 in the previous section, notice that in these expressions 𝐲𝑝, 

𝐲𝑑 are observed random variables, 𝐡, 𝐧𝑝, 𝐧𝑑 are non-observed random variables, 𝛼, √𝑃𝑝, √𝑃𝑑, 𝐃, 𝐩,  

𝐂 and 𝜎2 are known parameters, and 𝐀(⋅) is a known function. In practice, the serving BS maintains 
an estimate of the large scale parameters (path loss) and channel covariance matrices for mobility 
(handover), and QoS management[29], [30], [31], link failure prediction [32] and power control [33]  
purposes based on measurement reports on reference signals (RSRP) delivered by the UE. Based on 
such measurement reports, the BS continuously can maintain an estimate of the channel covariance 
matrix with sophisticated techniques [34], [35], [36], [37], [38], and [39]. Furthermore, in practice, the 
BS continuously estimates the thermal noise variance as well as the total received interference power, 
which are often expressed in the form of reference signal received quality (RSRQ), based on UE 
measurement reports and measurements at the BS [40], and [41]. 

   We intend to estimate {𝜙, 𝜽} based on 𝐲𝑝, 𝐲𝑑. In the deterministic model [18, Chapter~12], for a 

given value of {𝜙, 𝜽}, 𝐲𝑝 and 𝐲𝑑 are complex normally distributed random vectors with expected value: 

𝝁(𝜽) ≜ 𝐸 [(
𝐲𝑝
𝐲𝑑
) |{𝜙, 𝜽}] = (

𝐀(𝜽)𝐃𝐩

𝐀(𝜽)𝐃𝐩
), 

(4-8) 

where 𝐀(𝜽)𝐃𝐩 = ∑𝑃𝑖=1 𝐚(𝜃𝑖)𝛼𝑠,𝑖√𝑃𝑠𝐩𝑖. Using the above notation, we can first state a theorem, that 

will be useful for proving a proposition regarding the FIM in the deterministic model. 

   Let the scalar-matrix function 𝚿(𝜙) be defined as follows:  

𝚿(𝜙)

≜ 𝐸 [((
𝐲𝑝
𝐲𝑑
) − 𝝁(𝜽))((

𝐲𝑝
𝐲𝑑
) − 𝝁(𝜽))

𝐻

|{𝜙, 𝜽}]

= (
𝛼2𝑃𝑝𝐂 + 𝜎

2𝐈𝑁𝑟 𝛼2√𝑃𝑝𝑃𝑑𝐂𝑒
−𝕚𝜙

𝛼2√𝑃𝑝𝑃𝑑𝐂𝑒
𝕚𝜙 𝛼2𝑃𝑑𝐂 + 𝜎

2𝐈𝑁𝑟
). 

(4-9) 

 

                                          

   That is,  

(
𝐲𝑝
𝐲𝑑
) ∼ 𝒞𝒩(𝝁(𝜽),𝚿(𝜙)). (4-10) 

Theorem 1  For 𝜳−1(𝜙), the following holds:  

𝚿−1(𝜙) = (
ℱ1(𝐂) ℱ2(𝐂)𝑒

−𝕚𝜙

ℱ2(𝐂)𝑒
𝕚𝜙 ℱ4(𝐂)

), 
(4-11) 

 

 where  
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ℱ1(𝑢) =
𝜎2 + 𝛼2𝑃𝑑𝑢

𝜎2(𝜎2 + 𝛼2(𝑃𝑝 + 𝑃𝑑)𝑢)
, 

ℱ2(𝑢) =
−𝛼2√𝑃𝑝𝑃𝑑𝑢

𝜎2(𝜎2 + 𝛼2(𝑃𝑝 + 𝑃𝑑)𝑢)
, 

ℱ4(𝑢) =
𝜎2 + 𝛼2𝑃𝑝𝑢

𝜎2(𝜎2 + 𝛼2(𝑃𝑝 + 𝑃𝑑)𝑢)
, 

(4-12) 

 

and the matrix function ℱ(𝐂) of Hermitian matrix 𝐂 is defined based on  the spectral decomposition 
of 𝐂. If 𝐂 = 𝐔𝚲𝐔𝐻 is the spectral decomposition of 𝐂, where 𝚲 = diag(𝜆𝑖) then ℱ(𝐂) = 𝐔ℱ(𝚲)𝐔𝐻 =
𝐔diag(ℱ(𝜆𝑖))𝐔

𝐻.  The proof of Theorem 1 is in Appendix 8. 

   While Theorem 1 applies generally to any covariance matrix 𝐂, a case of interest is when 𝐂 is diagonal 
or proportional to the identity matrix. Lemma 1 below states when these special cases occur. 

   Lemma 1   If 𝑯 follows a complex multivariate normal distribution such that the covariance of the 
𝑖’th and 𝑗’th rows of 𝑯 is   

𝐸[(𝐇𝑖⋆)
𝐻𝐇𝑗⋆] = 𝐂𝐇

(𝑖,𝑗)
∈ 𝐶𝑁𝑡×𝑁𝑡 , (4-13) 

 then 𝐂 is diagonal if the structure of 𝐂𝐇
(𝑖,𝑗)

 is as follows:  

𝐂𝐇
(𝑖,𝑗)

= 𝟎  for  𝑖 ≠ 𝑗𝐂 = diag(𝜆𝑖), (4-14) 

where the 𝜆𝑖-s were introduced in Theorem 1. Additionally, if 𝐂𝐇
(𝑖,𝑗)

 has the following structure:  

𝐂𝐇
(𝑖,𝑗)

= {
𝟎 if𝑖 ≠ 𝑗

𝐂𝐇
(1,1)

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

(4-15) 

then 𝐂 = 𝑐𝐈𝑁𝑟 is proportional to the identity matrix with 𝑐 = 𝐰𝐻𝐂𝐻
(1,1)

𝐰.  

 

Proof.  Note that the (𝑖, 𝑗) element of 𝐂, denoted by 𝐂𝑖𝑗, is obtained as:  

𝐂𝑖𝑗 = 𝐸[(𝐡)𝑖(𝐡)𝑗
∗] = 𝐸[(𝐇𝐰)𝑖(𝐇𝐰)𝑗

∗]                  

= 𝐰𝐻𝐸[(𝐇𝑗⋆)
𝐻𝐇𝑖⋆]𝐰

= 𝐰𝐻𝐂𝐻
(𝑗,𝑖)
𝐰, 

(4-16) 

 

from which both parts of the Lemma follow.  

 

   Now we are in the position of stating the following proposition about the FIM when using the 
deterministic model. 

   For 𝑖, 𝑗 = 1,… , 𝑃, the elements of the FIM are defined as  
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𝐈(𝜙, 𝜽)1,1

= −𝐸
𝜕2

𝜕𝜙2
log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯), 𝐈(𝜙, 𝜽)1,𝑖+1

= 𝐈(𝜙, 𝜃1)𝑖+1,1

− 𝐸
𝜕2

𝜕𝜙𝜕𝜃𝑖
log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯), 𝐈(𝜙, 𝜽)𝑖+1,𝑗+1

= −𝐸
𝜕2

𝜕𝜃𝑖𝜕𝜃𝑗
log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯), 

(4-17) 

where 
𝜕2

𝜕𝜃𝑖𝜕𝜃𝑗
=

𝜕2

𝜕𝜃𝑖
2 for 𝑖 = 𝑗. 

 

   Proposition 1  The elements of the FIM are as follows:   

𝐈(𝜙, 𝜽)1,1

= 𝑡𝑟 ((
𝜕2

𝜕𝜙2
𝚿−1(𝜙))𝚿(𝜙)) , 𝐈(𝜙, 𝜽)1,𝑖+1𝐈(𝜙, 𝜽)𝑖+1,1

= 0, 𝐈(𝜙, 𝜽)𝑖+1,𝑗+1

= 2𝑅𝑒 [(
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻

𝚿−1(𝜙) (
𝜕

𝜕𝜃𝑗
𝝁(𝜽))] , 𝐈(𝜙, 𝜽)1,𝑖+1 

 

(4-18) 

where 
𝜕

𝜕𝜃𝑖
𝝁(𝜽) is defined in (4-34) in appendix.  Calculating the FIM, and hence the CRB has time 

complexity 𝒪(𝑁𝑟
2.4).  

    The proof of Proposition 1 is in Appendix 9. Note that since Proposition 1 derives the classical CRB, 
𝜙 is assumed to be a deterministic unknown parameter. Hence, the CRB holds for any signaling where 
the data symbol lies on the unit circle, such as the PSK signaling. The following corollaries will be useful 
to obtain numerical results without extensive simulation experiments. 

     Corollary 1  Consider the example of 𝑃 = 1 (i.e. the receiver estimates the AoA from a single object), 
𝑁𝑟 = 2 and 𝑪 = 𝑐𝑰. In this simple example, – using the notation 𝛼𝑠 = 𝛼𝑠,1 – the diagonal elements of 
the FIM become:   

𝐈(𝜙, 𝜃1)11 =
4𝑐2𝑃𝑝𝑃𝑑𝛼

4

𝑐(𝑃𝑝 + 𝑃𝑑)𝛼
2𝜎2 + 𝜎4

  
(4-19) 

and 

𝐈(𝜙, 𝜃1)22

=
8𝜋2ℓ2𝑃𝑠𝛼𝑠

2cos2(𝜃1)(𝑐(𝑃𝑝 + 𝑃𝑑)𝛼
2 + 2𝜎2 − 2𝑐√𝑃𝑝𝑃𝑑𝛼

2cos(𝜙))

𝑐(𝑃𝑝 + 𝑃𝑑)𝛼
2𝜎2 + 𝜎4

, 

(4-20) 

  where ℓ denotes the antenna spacing per wavelength ratio (see Table 2). 
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   It is interesting to note that the 𝐈(𝜙, 𝜃1)11 element is not a function of either 𝜃1 or 𝜙, while 𝐈(𝜙, 𝜃1)22 
is a function of both. In particular, as intuitively expected, 𝐈(𝜙, 𝜃1)22 becomes zero when the AoA of 

the single object, 𝜃1, becomes 
𝜋

2
. On the other hand, from the point of view of estimating 𝜃1, 𝐈(𝜙, 𝜃1)22 

is maximal in 𝜙, when 𝜙 = 𝜋 and cos(𝜙) = −1. In contrast, the Fisher information is minimal, when 

𝜙 = 0 and cos(𝜙) = 1. The terms 𝛼√𝑃𝑝𝐡 and 𝛼√𝑃𝑑𝐡𝑒
𝕚𝜙 appear as noise in (4-6) and (4-7) 

respectively when estimating 𝜃1.  Hence, it is intuitive that the Fisher information with respect to 𝜃1 
is maximal when the pilot and data signals  in (4-6) and (4-7) have a perfect negative correlation . 

    As (Error! Reference source not found. suggests, 𝐈(𝜙, 𝜃1)22 may benefit from a priori available 
information on the AoA. This is illustrated by the following example. 

   Corollary 2  Consider the example defined in Corollary 1, assume that  𝑃𝑝 = 𝑃𝑑 , and that the AoA 

estimator at the BS has the a priori information that 𝜃1 is uniformly distributed in the interval [−
𝜋

4
,
𝜋

4
], 

and 𝜙 is uniformly distributed over [−𝜋, 𝜋]. Then, the 𝑰22 element of the a posteriori FIM is   

𝐈22 =
8ℓ2𝜋(𝜋 + 2)𝑃𝑠𝛼𝑠

2(𝑐𝑃1𝛼
2 + 𝜎2)

2𝑐𝑃1𝛼
2𝜎2 + 𝜎4

, 
(4-21) 

where we used the notation 𝑃1 = 𝑃𝑝 = 𝑃𝑑 .  

(Error! Reference source not found. is obtained from (4-19) as  

𝐈22 =
1

2𝜋
∫
𝜋

𝜙=−𝜋

2

𝜋
∫
𝜋/4

𝜃1=−𝜋/4

𝐈(𝜙, 𝜃1)22𝑑𝜃1𝑑𝜙. 
(4-22) 

   When the total power budget is not fully utilised (𝑃𝑠 < 𝑃TOT − 𝑃1) in (4-20) then increasing 𝑃𝑠 and 
keeping 𝑃1 fix, increases 𝐈22. 

    When the total power budget is utilised, i.e. 𝑃𝑠 = 𝑃TOT − 𝑃1, the derivative of (4-20) with respect 
to 𝑃1 is negative for 0 < 𝑃1 < 𝑃TOT which indicates that 𝐈22 is maximized at 𝑃1 = 0 (i.e. the total 
power is devoted to sensing), which is align with intuition. 

   Determining the JCAS-Aware Maximum Likelihood Receiver 

    In this section we are interested in formulating the MLE. The logarithm of the respective likelihood 
functions. To compute the maximum likelihood estimator, we need to find the proper solution of the 

set of equations 
𝜕

𝜕𝜙
𝑍(𝐮, 𝐯, 𝜙, 𝜽) = 0, 

𝜕

𝜕𝜃𝑖
𝑍(𝐮, 𝐯, 𝜙, 𝜽) = 0, for 𝑖 = 1,… , 𝑃, where (see (Error! 

Reference source not found.): 

𝑍(𝐮, 𝐯, 𝜙, 𝜽) ≜ ( (
𝐮
𝐯
) − 𝝁(𝜽))

𝐻

𝚿−1(𝜙) ( (
𝐮
𝐯
) − 𝝁(𝜽)) 

(4-23) 

 is the 𝜙 and 𝜃𝑖-dependent term of the loglikelihood function. For the derivative with respect to 𝜙 we 
have:  

𝜕

𝜕𝜙
𝑍(𝐮, 𝐯, 𝜙, 𝜽) = 2 𝑅𝑒[(𝐯 − 𝐀(𝜽)𝐃𝐩)𝐻ℱ2(𝐂)𝑒

𝕚(𝜙+𝜋/2)(𝐮

− 𝐀(𝜽)𝐃𝐩)], 

(4-24) 
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where ℱ2(𝐂) is defined in Theorem 1. For the derivative with respect to 𝜃𝑖, utilizing that 𝚿−1 is 
Hermitian and does not depend on 𝜃𝑖, we have: 

𝜕

𝜕𝜃𝑖
𝑍(𝐮, 𝐯, 𝜙, 𝜽)

= 2 𝑅𝑒 [(−
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻

𝚿−1(𝜙) ((
𝐮
𝐯
) − 𝝁(𝜽))]. 

(4-25) 

   Due to (4-23) and (4-24) the derivative of the loglikelihood functions with respect to 𝜙 and 𝜃𝑖 is a 
non-linear function of 𝜙 and 𝜃𝑖. Therefore, an unbiased estimator that attains the CRB for 𝜙 or 𝜃𝑖 
cannot be found  [42, Chapter 3.4]. 

   As the likelihood is a non-linear function of 𝜙 and 𝜃1, it may exhibit several local extreme values. 
Figure 17 plots 𝑍(𝐮, 𝐯, 𝜙, 𝜽) from (20) (the likelihood function apart from a constant) as a function of 
𝜃1 and 𝜙 for a simple example with 𝑃 = 1 and 𝑁𝑟 = 2. 

   This motivates the use of the maximum likelihood estimators derived in this section and the MMSE 
estimators derived in the sequel. 

 

  

Figure 17-  An example of the likelihood function as a function of 𝜙 and 𝜃1 in the deterministic case, which 
illustrates why it is difficult to find its global maximum. 

 

   Determining the JCAS-Aware MMSEMMSE Receiver 

  

   Recall that the MMSE channel estimator – which we will denote as 𝐇𝐼𝑆𝐴𝐶 to emphasize that the 
channel estimator takes into account the effect of the sensing signal – aims to minimize the MSE 
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between the estimate 𝐡̂ = 𝐇𝐼𝑆𝐴𝐶𝐲𝑝 and the channel 𝐡, where [43]: 

𝐇𝐼𝑆𝐴𝐶 ≜ argmin
𝐇
𝐸{||𝐇𝐲𝑝 − 𝐡||𝐹

2}. (4-26) 

For 𝐇𝐼𝑆𝐴𝐶  and the associated channel estimate 𝐡̂, we can state the following. 

Proposition 2  In the deterministic model, the MMSE channel estimator and the associated 
MMSE channel estimate are expressed as 𝑣𝑒𝑐(𝑯𝐼𝑆𝐴𝐶) = 𝑻

−1𝒃, where  

𝐓−1 = 𝐌̂−1⊗ 𝐈, (4-27) 

𝐛 = 𝛼√𝑃𝑝vec(𝐂). (4-28) 

Furthermore, the estimated channel when using the MMSE receiver is expressed as:  

𝐡̂𝐼𝑆𝐴𝐶 = 𝛼√𝑃𝑝𝐂(𝐌̂
−1)𝑇𝐲𝑝, (4-29) 

 where 𝐌̂ ≜ 𝜎2𝐈𝑁𝑟 + 𝛼
2𝑃𝑝𝐂 + 𝐀(𝜽)𝐃𝐩𝐩

𝐻𝐃𝐻𝐀𝐻(𝜽).   The proof of Proposition 2 is in Appendix 10. 

𝐆𝐼𝑆𝐴𝐶 = 𝛼√𝑃𝑑  𝐡̂𝐼𝑆𝐴𝐶
𝐻 ⋅ (𝛼2𝑃𝑑(𝐡̂𝐼𝑆𝐴𝐶𝐡̂𝐼𝑆𝐴𝐶

𝐻 + 𝐐)

+ 𝐀(𝜽)𝐃𝐩𝐩𝐻𝐃𝐻𝐀𝐻(𝜽) + 𝜎2𝐈𝑁𝑟)
−1, 

(4-30) 

 where the 𝐐 regularization matrix is the covariance matrix of the conditional distribution of 𝐡 [43], 
[44]: 

(𝐡|𝐡̂) ∼ 𝒞𝒩(𝐡̂, 𝐐). (4-31) 

   Note that as it was proven in [43], regularizing the MMSE receiver with the 𝐃 and 𝐐 matrices as 
shown in (Error! Reference source not found. minimizes the expectation of the squared symbol error 
in the presence of channel estimation errors. Thus, the intuition behind the JCAS-aware receiver in 
(Error! Reference source not found. is that since the sensing signal appears as noise at the 
communication receiver, the regularization must include the sensing signal accordingly. 

   Numerical Results 

     In this section, Cases 1-2 refer to the case when the signal is a predetermined fixed (deterministic) 
signal, in which the source signal is predefined and known by the receiver, while in Cases 3-4 the 
sensing waveform is a zero-mean Gaussian stochastic signal. Cases 1 and 3 concern the case without 
a priori information about the AoA, while in Cases 2 and 4 some a priori information about the AoA is 
available at the JCAS receiver, in which cases we are interested in establishing the BCRB. 

 

Table 3- Setting of the System Parameters     
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Parameter  Value  

  𝑁𝑟    4  

 𝐂 = 𝑐𝐈𝑁𝑟, with 𝑐 = 1    Covariance matrix of the effective channel 
𝐡 = 𝐇𝐰.  

 𝑃𝑝, 𝑃𝑑 , 𝑃𝑠    Total power budget 𝑃𝑝 + 𝑃𝑠 = 250 mW; 

𝑃𝑑 + 𝑃𝑠 = 250 mW.  

 𝑃   1 (single object)  

 𝐩 ∈ 𝐶𝑃   𝑝 = 1 and 𝑝 ∼ 𝒞𝒩(𝟎,𝛀), where 𝛀 = 1 
(scalar). 

 𝜃𝑝   Angle of arrival of object 𝑝, 𝑝 = 1…𝑃  

 𝑠   𝑠 = 1  

 𝑥   𝑥 = 𝑒𝕚𝜙, where 𝜙 ∈ [−𝜋, 𝜋]  

 𝛼, 𝛼𝑠   60 dB ("low path loss, (PL)") or 80 dB ("high 
path loss, (PL)")  

 

    To gain some basic insights into the operation of the proposed JCAS precoders and receivers, we 
consider the uplink of a SU-MIMO JCAS system that consists of a single UE,  a serving BS equipped with 
𝑁𝑟 = 4 receive antennas and a single passive object (i.e. 𝑃 = 1). The UE transmits a pilot symbol 𝑠 

and subsequently a data symbol 𝑥 = 𝑒𝕚𝜙 over the effective communication channel 𝐡, which yields 
the received pilot and data signals as described by (4-6) and (4-7). Recall that in this example we 
assume that there is a single slot used for transmitting the pilot symbol and a single subsequent slot 
for transmitting the data symbol according to the snapshot model assumption (discussed in [18]).  
Note that all angles are measured in radian, and the units are indicated in the figures, except for the 
unit-less quantities such as radian or probability. 

    In line with the assumption on dividing the total available power 𝑃𝑇𝑂𝑇 discussed in Section 2, the 
total power budget of the UE is divided between the communication power (𝑃𝑝 in the pilot slot and 

𝑃𝑑 in the data slot) and the sensing power 𝑃𝑠, where we set the  total power budget to 250 mW . The 
main parameters of this system are summarized in Table 3.  𝐂 = 𝑐𝐈𝑁𝑟 means that the rows of 𝐇 are 

assumed to be independent with identical covariance matrices. It is important to note that the CRB 
results presented in this section are obtained using the closed form expressions in Proposition 1. For 
convenience, the figures in this section show the 10-base logarithm of the CRB and variances. 
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Figure 18- Comparing the CRBs for 𝜙̂ and 𝜃̂1 in the deterministic (Case 1) and stochastic (Case 3) models.  

 

   Figure 18 shows the CRB as a function of 𝑃1 ≜ 𝑃𝑝 = 𝑃𝑑  when using the deterministic and stochastic 

sensing signal models. As 𝑃1 increases, the sensing power decreases, which explains why the CRB for 

𝜃1 increases, while the CRB for 𝜙̂ decreases. These opposing trends are due to the intrinsic trade-off 
in the power domain between sensing and communications. Also, as expected, both CRB are lower 
when using the deterministic model due to the fact that when the sensing signal is stochastic, it 
increases the variance of the received pilot and data signals. As p_1, that is the transmit power level 
used for both pilot and data symbols increases, the CRB for ϕ  ̂ decreases, while the CRB for θ _̂1 
increases. Notice that the CRBs in the deterministic model are somewhat lower due to the fact that 
the applied sensing signal is deterministic. 
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Figure 19-Comparing the variances of 𝜙̂ and 𝜃̂1 in the deterministic (Case 1) and stochastic (Case 3) models 
and relating them to the CRB (obtained with the deterministic model).  

   Figure 19 shows the variance of 𝜙̂ and 𝜃1 as a function of 𝑃1 ≜ 𝑃𝑝 = 𝑃𝑑 in the deterministic and 

stochastic models, that is for the cases when the sensing signal 𝑝 is deterministic and when it is a 
random signal drawn from a Gaussian distribution according to the parameter setting in Table 3. For 
comparison, this figure also plots the respective (deterministic) CRBs. The variances are obtained by 

Monte Carlo simulations using the ML estimation method to obtain the 𝜙̂ and 𝜃1 estimates based on 

the received signal 𝐲𝑝 and 𝐲𝑑. Notice that when maximizing the loglikelihood function in 𝜙̂ and 𝜃1, the 

receiver (i.e. the serving BS) does not need to estimate 𝐡 and in this sense the ML is blind. The figure 
shows the empirically obtained variances for both ϕ  ̂and θ _̂1 (as indicated with the dashed ellipsoids) 
when using maximum likelihood estimation as well as the respective CRBs. Note that the variances 
obtained in the deterministic sensing model (p=1) are lower for all P_1 (communication power) values 
than when using the stochastic (Gaussian) sensing model. 
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Figure 20-CRB trade-off in the deterministic model (Case 1) when the path loss between the UE and the BS is 
high (80 dB) and low (60 dB), denoted as “High PL” and “Low PL”, respectively. Both estimates are sensitive 

to both the power setting (i.e. the value of 𝑃1) and the path loss. 

   Figure 20 focuses on Case 1 (deterministic model without a priori information on the parameters) 

and shows the CRB for 𝜙̂ and 𝜃1 as a function of the communication power 𝑃1 for the high and low 
path loss (𝛼 = 80 dB and 𝛼 = 60 dB, respectively). Similarly to the trends observed in Figure 18, the 

CRB for 𝜙̂ decreases, while the CRB for 𝜃1 increases. Low path loss between the UE and the serving BS 
facilitates higher quality estimates characterized by much lower CRB for both symbol and AoA 
estimation due to the higher SNR from the perspectives of both communication and sensing. 

   Future Works 

    Our future work will build on the model and insights into how ISAC-aware receiver design and 
porper power allocation can facilitate meeting bith sensing and communication performance targes 
in bistatic celular ISAC systems.includes extending We plan to focus on designing ISAC precoders at 
multi-antenna ISAC transmitters, which were not fully addressed in the present chapterthese models 
to case.s, Specifically, we plan to design communication and sensing precoders that sptaially separate 
the communication and sensing signals utilizing the high degree of freedom due to multiple antennas 
at contemporary user equipment devices and cellular base stations.in which the wireless channels 
undergo channel aging. 
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   Appendices  

 

4.9.1   Proof of Theorem 1 

 

   Proof. According to (9)   

𝚿(𝜙) = (
𝐊1(𝐂) 𝐊2(𝐂)𝑒

−𝕚𝜙

𝐊2(𝐂)𝑒
𝕚𝜙 𝐊4(𝐂)

), 
(4-30) 

where 𝐊1(𝐂) ≜ 𝛼
2𝑃𝑝𝐂 + 𝜎

2𝐈𝑁𝑟, 𝐊2(𝐂) ≜ 𝛼
2√𝑃𝑝𝑃𝑑𝐂 and 𝐊4(𝐂) ≜ 𝛼

2𝑃𝑑𝐂 + 𝜎
2𝐈𝑁𝑟. We note that 𝐂, 

𝐊1(𝐂), 𝐊2(𝐂) and 𝐊4(𝐂) are Hermitian and commute. 

   For the inverse of 𝚿(𝜙), utilizing that 𝑒𝕚𝜙𝑒−𝕚𝜙 = 1, we have:  

𝚿−1(𝜙) ≜ (
𝐊̂1(𝐂) 𝐊̂2

𝐻(𝐂)𝑒−𝕚𝜙

𝐊̂2(𝐂)𝑒
𝕚𝜙 𝐊̂4(𝐂)

), 
(4-31) 

where  

𝐊̂1(𝐂)
≜ (𝐊1(𝐂) − 𝐊2

𝐻(𝐂)𝐊4
−1(𝐂)𝐊2(𝐂))

−1, 𝐊̂4(𝐂)
≜ (𝐊4(𝐂) − 𝐊2(𝐂)𝐊1

−1(𝐂)𝐊2
𝐻(𝐂))−1, 𝐊̂2(𝐂)

≜ −𝐊1
−1(𝐂)𝐊2

𝐻(𝐂)𝐊̂4(𝐂). 

(4-32) 

   Utilizing the commutativity of the matrices, we have  

𝐊̂1(𝐂) ≜ (𝐊1(𝐂) − 𝐊2
𝐻(𝐂)𝐊4

−1(𝐂)𝐊2(𝐂))
−1

= (𝛼2𝑃𝑝𝐂 + 𝜎
2𝐈𝑁𝑟

− 𝛼4𝑃𝑝𝑃𝑑𝐂
2(𝛼2𝑃𝑑𝐂

+ 𝜎2𝐈𝑁𝑟)
−1)−1. 

(4-33) 

That is, 𝐊̂1 is such that  

𝐊̂1(𝑢) =
1

𝛼2𝑃𝑝𝑢+ 𝜎
2 −

𝛼4𝑃𝑝𝑃𝑑𝑢
2

𝛼2𝑃𝑑𝑢 + 𝜎
2

=
𝜎2 + 𝛼2𝑃𝑑𝑢

𝜎4 + 𝛼2𝜎2(𝑃𝑝 + 𝑃𝑑)𝑢
. 

(4-34) 

The rest of the proof comes similarly from 𝐊̂2(𝐂) and 𝐊̂4(𝐂).  

 

 

4.9.2   Proof of Proposition 1 

  Using 𝑒𝕚𝜙𝑒−𝕚𝜙 = 1, for the determinant of 𝚿(𝜙) we have:  
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det𝚿(𝜙) = det𝐊1(𝐂) × det(𝐊4(𝐂) −
𝐊2(𝐂)𝐊1

−1(𝐂)𝐊2
𝐻(𝐂))                               

(4-37) 

 That is, det𝚿(𝜙) is independent of 𝜙. For 
𝜕

𝜕𝜙
𝚿−1(𝜙), utilizing Theorem 1, we have:  

𝜕

𝜕𝜙
𝚿−1(𝜙)

≜ (
𝟎 𝐊̂2

𝐻(𝐂)𝑒−𝕚(𝜙+𝜋/2)

𝐊̂2(𝐂)𝑒
𝕚(𝜙+𝜋/2) 𝟎

). 

(4-38) 

The derivative of 𝐚𝑗(𝜃) with respect to 𝜃 is  

𝜕

𝜕𝜃
𝐚𝑗(𝜃) =

𝜕

𝜕𝜃
𝑒𝕚2𝜋𝑗ℓsin(𝜃)

= i2𝜋𝑗ℓcos(𝜃)𝑒𝕚2𝜋𝑗ℓsin(𝜃) 

(4-39) 

for 𝑗 ∈ {0,… ,𝑁𝑟 − 1} and  

𝜕

𝜕𝜃𝑖
𝝁(𝜽) =

(

 
 

𝜕

𝜕𝜃𝑖
𝐀(𝜽)𝐃𝐩

𝜕

𝜕𝜃𝑖
𝐀(𝜽)𝐃𝐩

)

 
 

= (
𝐚′(𝜃𝑖)𝛼𝑠,𝑖√𝑃𝑠𝐩𝑖

𝐚′(𝜃𝑖)𝛼𝑠,𝑖√𝑃𝑠𝐩𝑖
), 

(4-40) 

 where 𝐚′(𝜃𝑖) ≜ [. . . 𝕚2𝜋𝑗ℓcos(𝜃𝑖)𝑒
𝕚2𝜋𝑗ℓsin(𝜃𝑖). . . ]𝑇. The joint probability density function of (𝐲𝑝, 𝐲𝑑) 

is  

𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯) =
1

𝜋2𝑁𝑟det𝚿(𝜙)

⋅ 𝑒𝑥𝑝 (−((
𝐮
𝐯
)

− 𝝁(𝜽))
𝐻

. 𝚿−1(𝜙) ((
𝐮
𝐯
)

− 𝝁(𝜽))) . 

(4-41) 

 Noting that det𝚿(𝜙) is neither a function of 𝜙 nor 𝜃 (see (4-37) above), we define 𝑑 ≜ det𝚿(𝜙), and 

for the logarithm of the density function we write  

log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯) = −log(𝜋
2𝑁𝑟𝑑)

− ((
𝐮
𝐯
)

− 𝝁(𝜽))
𝐻

𝚿−1(𝜙) ((
𝐮
𝐯
)

− 𝝁(𝜽)). 

(4-42) 
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   To determine the elements of the FIM, we need the second order partial derivatives of the logarithm 

of the density function with respect to 𝜃𝑖 and 𝜙. 

    For the first-order derivative, we have:  

𝜕log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯)

𝜕𝜃𝑖

= (
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻

𝚿−1(𝜙) ((
𝐮
𝐯
) − 𝝁(𝜽))

+ ((
𝐮
𝐯
) − 𝝁(𝜽))

𝐻

𝚿−1(𝜙)(
𝜕

𝜕𝜃𝑖
𝝁(𝜽)). 

(4-43) 

   The second-order derivatives can be written as: 

𝜕2log𝑓𝐲𝑝,𝐲𝑑(𝐮, 𝐯)

𝜕𝜙2

= −((
𝐮
𝐯
)

− 𝝁(𝜽))
𝐻 𝜕2

𝜕𝜙2
𝚿−1(𝜙) ((

𝐮
𝐯
)

− 𝝁(𝜽)), 

(4-44) 

𝜕2log𝑓𝐲𝑝(𝑡),𝐲𝑑(𝑡)(𝐮, 𝐯)

𝜕𝜙𝜕𝜃𝑖
=

= (
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻
𝜕

𝜕𝜙
𝚿−1(𝜙) ((

𝐮
𝐯
) − 𝝁(𝜽))

+ ((
𝐮
𝐯
) − 𝝁(𝜽))

𝐻 𝜕

𝜕𝜙
𝚿−1(𝜙)(

𝜕

𝜕𝜃𝑖
𝝁(𝜽))

= 2 𝑅𝑒 [(
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻
𝜕

𝜕𝜙
𝚿−1(𝜙) ((

𝐮
𝐯
)

− 𝝁(𝜽))], 

(4-45) 

 

 And 
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𝜕2log𝑓𝐲𝑝(𝑡),𝐲𝑑(𝑡)(𝐮, 𝐯)

𝜕𝜃𝑖𝜕𝜃𝑗

= 2 𝑅𝑒 [(
𝜕2

𝜕𝜃𝑖𝜕𝜃𝑗
𝝁(𝜽))

𝐻

𝚿−1(𝜙) ((
𝐮
𝐯
)𝝁(𝜽))]

− 2 𝑅𝑒 [(
𝜕

𝜕𝜃𝑖
𝝁(𝜽))

𝐻

𝚿−1(𝜙)(
𝜕

𝜕𝜃𝑗
𝝁(𝜽))]. 

(4-46) 

   Next, to get the FIM, we substitute (𝐲𝑝, 𝐲𝑑) into (𝐮, 𝐯), and take the expected value. Notice that since  

𝐸 [(
𝐲𝑝
𝐲𝑑
) − 𝝁(𝜽)] = 𝟎, (4-47) 

any term that is a linear function of this expression has an expected value of 𝟎. Finally, noticing that  

𝐸[𝐳𝐻𝐀𝐳] = 𝐸[tr(𝐳𝐻𝐀𝐳)] = 𝐸[tr(𝐀𝐳𝐳𝐻)]
= tr(𝐀Cov(𝐳)), 

(4-48) 

 for any zero mean random vector 𝐳 and non-random matrix 𝐀, and substituting 

𝐳 = ((
𝐮
𝐯
) − 𝝁(𝜽)), (4-49) 

and  

𝐀 =
𝜕2

𝜕𝜙2
𝚿−1(𝜙), 

(4-50) 

 Into (Error! Reference source not found., the  first part of the proposition follows.  Regarding the 

time complexity of calculating the FIM, note that the the operations in the calculation are:   

    • Inversion of a matrix of dimension 2𝑁𝑟 × 2𝑁𝑟;  

    • Multiplication of two matrices of dimensions 2𝑁𝑟 × 2𝑁𝑟;  

    • Partial derivation of a matrix of dimension 2𝑁𝑟 × 2𝑁𝑟;  

    • Multiplication of a matrix of dimensions 2𝑁𝑟 × 2𝑁𝑟 and a vector of dimension 2𝑁𝑟.  

 The highest time complexity steps are the matrix multiplication and inversion steps, for which 

many 𝒪(𝑁𝑟
2.4) algorithms exist, e.g. [45]. 

 

 Proof of Proposition 2 

      Proof. We first derive the MMSE channel estimator 𝐇𝐼𝑆𝐴𝐶. Using that 𝐇𝐲𝑝 = vec(𝐇𝐲𝑝) = (𝐲𝑝
𝑇⊗

𝐈)vec(𝐇), for 𝐸{||𝐇𝐲𝑝 − 𝐡||𝐹
2} we have:  
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𝐸{||𝐇𝐲𝑝 − 𝐡||𝐹
2}

= 𝐸{vec(𝐇)𝐻(𝐲𝑝
𝑇⊗ 𝐈)𝐻(𝐲𝑝

𝑇

⊗ 𝐈)vec(𝐇)} + 𝐸{𝐡𝐻𝐡}
− 𝐸{vec(𝐇)𝐻(𝐲𝑝

𝑇⊗ 𝐈)𝐻𝐡}

− 𝐸{𝐡𝐻(𝐲𝑝
𝑇⊗ 𝐈)vec(𝐇)}}, 

(4-51) 

which is a quadratic optimisation problem for 𝐳 = vec(𝐇), that is of the form 𝐳𝐻𝐓𝐳 − 𝐳𝐻𝐛 − 𝐛𝐻𝐳 +
constant, where the optimal solution is 𝐳opt = vec(𝐇𝐼𝑆𝐴𝐶). The solution of the quadratic optimisation 

problem is 𝐳opt = 𝐓
−1𝐛, where:  

𝐓 = 𝐸{(𝐲𝑝
𝑇⊗ 𝐈)𝐻(𝐲𝑝

𝑇⊗ 𝐈)}

= 𝐸{𝐲𝑝
∗𝐲𝑝
𝑇}

⊗ 𝐈 (𝜎2𝐈𝑁𝑟 + 𝛼
2𝑃𝑝𝐂

+ 𝐀(𝜽)𝐃𝐩𝐩𝐻𝐃𝐻𝐀𝐻(𝜽)) ⊗ 𝐈

= 𝐌̅⊗ 𝐈, 𝐛 = 𝐸{(𝐲𝑝
𝑇⊗ 𝐈)𝐻𝐡}

= 𝐸{𝐲𝑝
∗⊗𝐡} = 𝛼√𝑃𝑝vec(𝐂), 

(4-52) 

 

and  

𝐓−1 = 𝐌̅−1⊗ 𝐈 (4-53) 

The next step is to compute 𝐡̂𝐼𝑆𝐴𝐶.  

𝐓 = 𝐸{(𝐲𝑝
𝑇⊗ 𝐈)𝐻(𝐲𝑝

𝑇⊗ 𝐈)}

= 𝐸{𝐲𝑝
∗𝐲𝑝
𝑇} ⊗ 𝐈𝐡̂𝐼𝑆𝐴𝐶 = 𝐇𝐼𝑆𝐴𝐶𝐲𝑝

= (𝐲𝑝
𝑇⊗ 𝐈)vec(𝐇𝐈𝐒𝐀𝐂)

= 𝛼√𝑃𝑝(𝐲𝑝
𝑇⊗ 𝐈)(𝐌̅−1

⊗ 𝐈)vec(𝐂)

= 𝛼√𝑃𝑝(𝐲𝑝
𝑇𝐌̅−1⊗ 𝐈)vec(𝐂)

= 𝛼√𝑃𝑝𝐂(𝐌̅
−1)𝑇𝐲𝑝, 

     (4-54) 

 

which is identical with (4-30).   
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5 JCAS Receiver Design: Joint DoA and Data Estimation in the 

Presence of Incomplete Signal Observations  

    This Section proposes an off-the-grid estimator for the JCAS systems. Below, we first start with 
explaining the main objectives. 

 Main Objectives 

    Traditional radar and communication systems treat sensing and communication tasks separately—
resulting in inefficient use of resources and heavy reliance on pilot signals that lower spectral 
efficiency.  To address this, the JCAS systems aim to perform radar and communication tasks 
simultaneously. In this report, we introduce a joint estimation framework that can simultaneously 
estimate the DoA of 𝐾 transmitters and their transmitted symbols without needing any prior 
knowledge or pilot signals, align with T3.2 of the 6G-MUSICAL project. This is achieved through atomic 
norm minimization (ANM), which mitigates grid mismatch errors and operates efficiently in a pilot-
free environment. The framework is particularly robust in cases where observations are incomplete, 
such as in hybrid beamforming or sub-Nyquist sampling settings. Classical methods fail in such cases, 
so we reformulate the problem using random sub-sampling and solve it through convex optimisation 
using semidefinite relaxation (SDR), enabling practical applications like antenna selection and low-
complexity receiver design. 

   In addition, our framework tackles the limitations of grid-based compressed sensing techniques like 
CS-MUSIC, which struggle with discretization errors due to the assumption that DoAs lie on a 
predefined grid. Since real-world DoAs are continuous, we use ANM in the continuous domain for off-
the-grid estimation, offering higher resolution and eliminating the need to know the number of 
transmitters in advance. Recognizing that joint estimation is computationally intractable for large 
antenna arrays, we develop two tailored algorithms to enhance efficiency: an SDR-based method 
suitable for moderate-sized problems, and an ADMM-based algorithm for large-scale systems, which 
runs approximately 50% faster than the SDR approach. These innovations ensure our JCAS receiver is 
not only accurate and resource-efficient but also scalable and practical for real-world deployment, 
suitable for T3.2 of the 6G-MUSICAL project.  

   The proposed joint off-the-grid estimator for JCAS systems, developed in this section, align with a 
wide range of 6G-MUSICAL use cases presented in Deliverable D2.1. Specifically, the proposed 
estimator is able to jointly recover the DoAs and transmitted data from incomplete signal 
observations, making it suitable for Use Cases 1 to 6. In Use Case 1 (Indoor localisation of AGVs) and 
Use Case 2 (Smart convoys), the high spatial resolution and real-time processing of our method enable 
accurate tracking in dynamic environments. The proposed estimator works fully blind, which does not 
require pilot signals or prior knowledge of the number of sources, directly supports Use Case 3 
(Intruder detection in secure areas) and Use Case 5 (UAV intrusion detection), where detecting 
unknown and potentially non-cooperative objects is highly important. 

   In Use Case 4 (Road fault identification) and Use Case 6 (Intrusion on railways), the sparsity-based 
JCAS estimator allows to detect objects in large-scale infrastructure settings with reduced sensing 
hardware. Furthermore, the low computational complexity offered by our ADMM-based solver 
ensures that the estimator can be deployed in real-time scenarios, supporting the latency and update 
rate requirements in the KPI/KVI tables. Overall, our estimator can be used in at least six of the main 
use cases (1–6) by estimating the DOAs, improving the implement complexity, and working at 
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resource-constrained environments.   

 Main Activates 

    The main goal of the integrated sensing and communication (JCAS) receiver design is to 
unambiguously estimate the DOAs and communication data of transmitters [46], [47]. Several 
approaches have been proposed for the classical DOA estimation problem, including Multiple Signal 
Classification (MUSIC) [48] and Estimating Signal Parameters via Rotational Invariance Techniques 
(ESPRIT) [49], which utilise the noise and signal subspaces, respectively. The performance of subspace 
decomposition methods, however, is significantly degraded in highly correlated or coherent target 
scenarios. They also rely on prior knowledge of the number of transmitters. Pioneered by [50], 
compressed sensing (CS) is considered a promising approach for DOA problems to reduce the 
implementation complexity and enhance the detection resolution by leveraging the signal sparsity in 
the spatial domain. In [51], [52] the authors showed that random antenna arrays can achieve almost 
the same performance with the uniform linear array (ULA) implementation. Nevertheless, this 
requires that the DOAs lie on a fine grid, which is not the case in practice as the DOAs can be located 
in any position in the target area. This mismatch between the inherent and estimated DOAs may 
degrade the reconstruction performance severely [53]. 

    To overcome the above mismatch, an off-the-grid CS-based method named atomic norm 
minimization (ANM) was developed to promote the sparsity of the signal in a continuous dictionary. 
The ANM has been used in different communication and signal processing problems such as MIMO 
radar [54], line spectral estimation[55], and impulsive noise elimination in OFDM system [56]. For 
example, in [54], the authors developed an ANM to estimate the spatial information of the radar 
channel in a continuous domain. From the communication perspective, estimating the transmit signal 
is essential to decode the digital messages. For this aim, the ANM is also used for blind detection [57], 
[58]] where both the channel and transmit signal are simultaneously estimated. In [59], the authors 
proposed a regularized ANM for overlaid radar-communications systems. 

    As shown in Figure 21, the receiver aims to jointly localize the DOAs of transmitters and their transmit 
data symbols from the received signal. In the classical DOA estimation problems, it is assumed that 
there are pilot signals, which help the receiver to estimate the channel between the transmitters and 
receivers. Then, the receiver can use this information to estimate parameters of interest in the next 
coherent time. Aside from practical scenarios where pilot signals might not be available, this 
assumption also wastes bandwidth and might reduce the estimation performance because of the 
demodulation error [60]. Hence, blind detection approaches are essential. The lifted ANM [57, 58, 59], 
as another blind estimator, requires precoding on the transmit signal, which significantly wastes 
bandwidth.  Our proposed approach offers significant advantages over existing methods, such as the 
lifted ANM (LANM) framework presented in [61]. Specifically, while [62] is capable of detecting only a 
portion of the transmitted signal, our method enables the detection of all transmitted symbols, 
leading to significantly improved spectral efficiency. Moreover, our approach supports the detection 
of complex signals, which are crucial for practical communication systems employing QAM 
modulations, whereas [63] is limited to real signals. Unlike the semi-blind framework in [64], which 
depends on a predefined coding matrix known to the receiver, our method operates in a fully blind 
manner, eliminating the need for such prior information. Comparative results further demonstrate 
that our approach provides robust channel recovery performance and greatly enhances symbol 
detection capacity. These contributions underscore the practical relevance and scalability of our 
method in real-world scenarios. 

    In this report, we propose a novel off-the-grid estimator via the dual of ANM, which does not require 
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the pilot signal between the transmitters and receiver, prior information regarding the number of 
transmitters, and operate on a reduced transmit signal dimension. We present a joint DOAs and 
communication data estimation problem using the dual of the ANM when only a random subset of 
received signal samples is observed. This relates to practical receiver implementations with reduced 
complexity, such as antenna selection, using randomly selected dictionary waveforms for the match 
filter or sub-Nyquist samples. Moreover, this approach can be used for hybrid analogue-beamforming 
architectures to reduce the implementation complexity and cost. The proposed problem requires an 
infinite-dimensional search over the spatial domain, therefore, it is difficult to solve. To tackle this, we 
leverage the results of the Schur complement approach to develop the semidefinite relaxations (SDR)s 
to implement the proposed problem. We then provide a fast algorithm based on the alternating 
direction methods of multiplexers (ADMM) to enhance the implementation time. Simulation results 
are done to investigate the performance of the proposed estimator and to demonstrate its superiority 
to the benchmarks. 

 

Figure 21-The system model. 

 System Model and Problem Formulation 

    We consider an JCAS receiver with 𝑁𝑟  antennas to jointly estimate the DOAs of 𝐾 transmitters and 
𝐾𝑃 transmit signals, where 𝑃 is the number of time slots, as shown in Figure 21. The transmit signal 
can be written as 𝐒 = [𝐬1,⋯ , 𝐬𝐾]

𝑇 where 𝐬𝑘 = [𝑠𝑘,1,⋯ , 𝑠𝑘,𝑃]
𝑇. The received signal on the 𝑁𝑟-antenna 

receiver can be given by  

𝐘 = ∑

𝐾

𝑘=1

𝛼𝑘𝐚̅(𝜃𝑘)𝐬𝑘
𝑇 + 𝐍, 𝐘 ∈ ℂ𝑁𝑟×𝑃, 

(5-1) 

where 𝐍 ∈ ℂ𝑁𝑟×𝑃 is the additive white Gaussian noise (AWGN) with variance 𝜎2 for each entry and 

𝐚̅(𝜃) = [1, 𝑒𝑗
2𝜋𝑑

𝜆
sin(𝜃),⋯ , 𝑒𝑗

(𝑁𝑟−1)2𝜋𝑑

𝜆
sin(𝜃)]𝑇 is the steering vector where 𝜃𝑘 is the DOA of the 𝑘 −th 

transmitter. Moreover, 𝛼𝑘 = |𝛼𝑘|𝑒
𝑗𝜙𝑘  is the 𝑘 −th transmitter complex coefficient, that models the 

path loss together with the cross section. We assume the linear antenna configuration with 𝜆 = 2𝑑 
where 𝜆 and 𝑑 are the wavelength and antenna spacing, respectively. Let us assume that there is only 
an incomplete observation of Error! Reference source not found.  as 𝒫Ω(𝐘), where 𝒫Ω(⋅) is an 
orthogonal projection onto the linear space of vectors supported on Ω, with the number of 
observations 𝑀 ≤ 𝑁𝑟𝑃. Indeed, at the receiver side, we only observe 𝑀 samples out of 𝑁𝑟𝑃 at 
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random. The problem is now to jointly estimate the transmitter parameters and the communication 
signals from the incomplete observation 𝒫Ω(𝐘). Inspired by [65] that studied matrix completion for 
MIMO radar, our incomplete observation model can be exploited in scenario where each receive 
antenna either performs matched filtering with a small number of randomly selected dictionary 
waveforms or obtains sub-Nyquist samples of the received signal, reducing implementation 
complexity and costs.  Equation Error! Reference source not found. contains 𝑃𝐾 unknown signal 
parameters, 𝐾 unknown angles, 𝐾 unknown 𝛼𝑘 values, and 𝐾 transmitters. This leads to a total of 
𝑃𝐾 + 3𝐾 unknown parameters overall, hence, it is difficult to solve with 𝑀 observations. Below, we 
leverage the signal sparsity in the spatial domain and a simple coding on the ℓ2 norm of the transmit 
signal. 

 

 The Dual of Atomic Norm Minimization 

     This section aims to jointly estimate the DOAs of the transmitters and their transmit signals using 
the dual of the ANM when only a subset of observations is available. To do so, let us first bound the 
ℓ2 norm of the transmit signal as ∥ 𝐬𝑘 ∥2= 1,∀𝑘. Note that, as this is abound of the norm of the signal 
vector instead of per-symbol, it does not exclude any signal constellations. Indeed, in our results, we 
explore non-constant modulus signaling, quadrature amplitude modulation (QAM) constellations. 
Then, we define the norm  

∥ 𝐗 ∥𝒜,0:= inf{𝐾: 𝐗 = ∑

𝐾

𝑘=1

|𝛼𝑘|𝐚(𝜃𝑘, 𝜙𝑘)𝐬𝑘
𝑇 ,

∥ 𝐬𝑘 ∥2≤ 1, |𝛼𝑘| > 0 ∥ 𝛂 ∥1
≤ 1}, 

(5-2) 

where 𝐚(𝜃, 𝜙) = [1, 𝑒𝑗(𝜋sin(𝜃)+𝜙),⋯ , 𝑒𝑗((𝑁𝑟−1)𝜋sin(𝜃)+𝜙)]𝑇. Detecting the transmitters’ DOAs 
implicates finding the minimum 𝐾 from the atomic decomposition of 𝐗.  Note that ∥ 𝛂 ∥1≤ 1 is 
required to bound the dual of the atomic norm in (Error! Reference source not found., which differs 
from the conventional atomic norm, as it aims only to estimate the DOAs using pilot signals. Thus, we 
define a relaxed convex version of ∥ 𝐗 ∥𝒜,0 as  

∥ 𝐗 ∥𝒜:= inf{∥ 𝛂 ∥1=∑

𝑘

|𝛼𝑘|: 𝐗

= ∑

𝐾

𝑘=1

|𝛼𝑘|𝐚(𝜃𝑘, 𝜙𝑘)𝐬𝑘
𝑇 , ∥ 𝐬𝑘 ∥2

≤ 1, |𝛼𝑘| > 0, ∥ 𝛂 ∥1≤ 1}. 

(5-3) 

   Then, we propose the following penalized optimisation  

min
𝐗
 𝜇 ∥ 𝐗 ∥𝒜+

1

2
∥ 𝒫Ω(𝐘) − 𝐗 ∥𝐹

2 , 
 

where 𝜇 > 0 is a penalty parameter that balances the sparsity of the channel and power density of 
the noise.  To recover the DOAs using the primal problem, an infinite-dimensional search over [0,2𝜋), 
where the DOAs lie, is required. Specifically, 𝜃𝑘 ∈ [0,2𝜋) for all 𝑘. The primal problem is difficult to 
solve, and no SDR can be applied because the primal problem of the ANM is generally designed for 
cases where the transmit signal is available in advance. However, we aim to estimate both the DOAs 
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and the transmit signal simultaneously. To tackle this issue, we exploit the dual technique. To obtain 
the dual problem of the primal problem in (Error! Reference source not found., let us write the 
Lagrangian function as  

ℒ(𝐗, 𝐐) = 𝜇 ∥ 𝐗 ∥𝒜+
1

2
∥ 𝒫Ω(𝐘) − 𝐗 ∥𝐹

2+ 〈𝐐, 𝐗 − 𝐗〉 =

∥ 𝐗 ∥𝒜 (𝜇 −
R{tr(𝐐𝐻𝐗)}

∥ 𝐗 ∥𝒜
)

+
1

2
(∥ 𝒫Ω(𝐘) − 𝐗 ∥𝐹

2)

+ R{tr(𝐐𝐻𝐗)}, 

(5-5) 

where 〈𝐐, 𝐗〉 = R{tr(𝐐𝐻𝐗)} in which 𝐐 ∈ ℂ𝑁𝑟×𝑃 is the dual variable. It is worth noting that the third 
term of the first line, which is equal to zero, is added in order to obtain the dual problem.  Regarding 
the duality theorem, the Lagrangian function must be minimized first with respect to 𝐗. Thus, to avoid 
an unbounded solution for the first term of the Lagrangian function, the following constraint is 
required  

∥ 𝐐 ∥𝒜
⋆ = sup

𝐗

R{tr(𝐐𝐻𝐗)}

∥ 𝐗 ∥𝒜
= sup
∥𝐗∥𝒜≤1

R{tr(𝐐𝐻𝐗)}

≤ 𝜇, 

(5-6) 

 where ∥ 𝐐 ∥𝒜
⋆  is known as the dual norm of the atomic norm. Using the first derivative of 

1

2
(∥

𝒫Ω(𝐘) − 𝐗 ∥𝐹
2) + R{tr(𝐐𝐻𝐗)} with respect to 𝐗, we can find the solution as 𝐗⋆ = 𝒫Ω(𝐘) − 𝐐. Then, 

the dual problem can be given by  

min
𝐐
  ∥ 𝒫Ω(𝐘) − 𝐐 ∥𝐹

2  s. t.   

∥ 𝐐 ∥𝒜
⋆ ≤ 𝜇,𝐐Ω𝑇 = 0, 

(5-7) 

where 𝐐 ∈ ℂ𝑁𝑟×𝑃 is the optimisation variable and Ω𝑇 is the complementary set of Ω. The last 
constraint states that dual variable 𝐐 must be equal to zero where there is no observation based on 
duality theory and optimisation efficiency. Indeed, when a certain observation does not contribute, 
the corresponding dual variable must be zero.  The atomic and Frobenius norms are convex. 
Additionally, there is no strictly explicit inequality constraint in the primal problem in (5-4), hence, 
Slater’s condition holds, ensuring strong dualit. As a result, the solutions of the primal and dual 
problems coincide. Though problem (Error! Reference source not found. is convex, it is a non-
deterministic polynomial time (NP)-hard problem because of the infinite-dimensional search over the 
spatial domain. Nevertheless, we resolve the mentioned issue using the SDR technique as follows.  

 DOA Estimation 

      Let us first write  
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sup
∥𝐗∥𝒜≤1

R{tr(𝐐𝐻𝐗)}

= sup
𝜃,𝜙∈[0,2𝜋),∥𝛼∥1≤1

∥𝑠𝑘∥2≤1

〈∑

𝐾

𝑘=1

|𝛼𝑘|𝐚(𝜃𝑘, 𝜙𝑘)𝐬𝑘
𝑇 , 𝐐〉

= sup
𝜃,𝜙∈[0,2𝜋),∥𝛼∥1≤1

∥𝑠𝑘∥2≤1

∑

𝐾

𝑘=1

|𝛼𝑘|ℛ{𝐬𝑘
𝑇𝐐𝐻𝐚(𝜃𝑘, 𝜙𝑘)}

= sup
𝜃,𝜙∈[0,2𝜋),∥𝛼∥1≤1

∑

𝐾

𝑘=1

|𝛼𝑘| ∥ 𝐐
𝐻𝐚(𝜃𝑘, 𝜙𝑘) ∥2 

= sup
𝜃,𝜙∈[0,2𝜋),∥𝛼∥1≤1

∥ 𝐐𝐻𝐚(𝜃, 𝜙) ∥2∥ 𝛂 ∥1

≤ sup
𝜃,𝜙∈[0,2𝜋)

∥ 𝐐𝐻𝐚(𝜃, 𝜙) ∥2. 

(5-8) 

   The third equality can be obtained using ∥ 𝐬𝑘 ∥2≤ 1. The last equality is because of ∥ 𝛂 ∥1≤ 1. To 

have ∥ 𝐐 ∥𝒜
⋆ ≤ 𝜇, we use the Schure complement technique as [

𝐏 𝐐

𝐐𝐻 𝜇2𝐈
] ⪰ 0, where 𝐏 ∈ ℂ𝑁𝑟×𝑁𝑟  is 

a hermitian matrix and 𝐈 is an identity matrix with size 𝑃. For any given 𝐭, we can write 𝜇2𝐭𝐻𝐏𝐭 −

𝐭𝐻𝐐𝐐𝐻𝐭 ≥ 0, consequently, 𝜇2𝐭𝐻𝐏𝐭 ≥∥ 𝐐𝐻𝐭 ∥2
2. Let us set 𝐭 = 𝐚(𝜃, 𝜙), therefore,  

∥ 𝐐𝐻𝐚(𝜃, 𝜙) ∥2
2≤ 𝜇2𝐚𝐻(𝜃, 𝜙)𝐏𝐚(𝜃, 𝜙)
= 𝜇2tr(𝐏𝐚(𝜃, 𝜙)𝐚𝐻(𝜃, 𝜙))
≤ 𝜇2 ∥ 𝐚(𝜃, 𝜙)𝐚𝐻(𝜃, 𝜙) ∥∞
∥ 𝐏 ∥1
= 𝜇2𝐚(𝜃, 𝜙)𝐚𝐻(𝜃, 𝜙) ∥∞ tr(𝐏), 

(5-9) 

where the last equality comes from ∥ 𝐏 ∥1= tr(𝐏) for semidefinite matrices. Observing that ∥

𝐚(𝜃, 𝜙)𝐚(𝜃, 𝜙) ∥∞= 1 for all 𝜃 and 𝜙, to have ∥ 𝐐𝐻𝐚(𝜃, 𝜙) ∥2
2≤ 𝜇2, it is enough to have tr(𝐏) ≤ 1 

and tr(𝐐𝚯𝑘) = 𝛿𝑘, where 𝚯𝑘 is an elementary Toeplitz matrix with ones on it’s 𝑘-th diagonal and 
zeros elsewhere and 𝛿𝑘 = 1 if 𝑘 = 0, otherwise 𝛿𝑘 = 0, 𝑘 ∈ {1 − 𝑁𝑟 , ⋯ , 𝑃 − 1}. Therefore, the 
problem can be written in a tractable form as  

min
𝐐,𝐏

  ∥ 𝒫Ω(𝐘) − 𝐐 ∥𝐹
2 s. t.  tr(𝐐𝚯𝑘)

= 𝛿𝑘 , ∀𝑘, [
𝐏 𝐐

𝐐𝐻 𝜇2𝐈
] ⪰ 0, 𝐐Ω𝑇

= 0, tr(𝐏) ≤ 1. 

(5-10) 

   The DOAs can be detected as the peaks of polynomial ∥ (𝐐⋆)𝐻𝐚 ∥2
2, where 𝐐⋆ is the solution of 

problem (Error! Reference source not found., that achieve √𝜇 as shown in Figure 22 (a) that we will 
discuss in the following.   

 

 Communication Data Estimation 

      By defining 𝑓𝑘 = |𝛼𝑘|𝑠𝑘
𝑇, we can solve the following problem 
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min
𝑓𝑘,∀𝑘 

|| 𝑃Ω(𝒀) −∑𝒂(𝜃𝑘)𝑓𝑘||2
2

𝐾

𝑘=1

 
(5-11) 

 to estimate 𝑓𝑘, ∀ 𝑘 where 𝜃𝑘  is the estimated DOA for the 𝑘 −th transmitter. Then, exploiting the 
fact that ||𝑠𝑘||2 = 1, we can estimate both 𝑠𝑘 and |𝛼𝑘|. The problem is an LS problem with the closed-
form solution 𝐴+𝑃Ω(𝑌) where 𝐴+ is the pseudo-inverse of 𝐴 in which 𝐴 = [𝑎(𝜃1),⋯ , 𝑎(𝜃𝐾)]. 

 

Algorithm 1-The ADMM algorithm for problem (Error! Reference source not found.. 

1: Let us initialize 𝐐0 = 𝟎, 𝐏0 = 𝟎,𝛙0 = 𝟎, 𝜌0 = 0, 𝚫0 = 𝟎, 𝐒0 = 𝟎, 𝜉 = 0.5, and set 𝑡 = 0: 𝑇 as 
the iteration step. 

 

2:  Repeat 

4: Update 𝐐𝑡+1, 𝐏𝑡+1, and 𝐖𝑡+1. 

5: Update 𝚫𝑡+1, 𝛙𝑡+1, and 𝜌𝑡+1. 

6: Use ∥ (𝐐⋆)𝐻𝐚 ∥2
2= 𝜇 to estimate the DOAs and solve the LS problem and use 

𝐟𝑘
⋆

|𝛼𝑘|
 to recover 

transmit signals. 

 Computational Complexity 

   The interior point method with the Newton step in CVX  entails a computational complexity in the 
order of 𝒪((𝐸 + 𝐹)1.6𝐸2), where 𝐸 and 𝐹 are the numbers of variables and constraints, respectively. 
Problem (Error! Reference source not found. includes 𝑁𝑟

2 +𝑁𝑟𝑃 variables and 3𝑁𝑟 + 3𝑃 constraints, 

hence, the total computational costs can be approximated by 𝒪(𝑁𝑟
5.2 + (𝑁𝑟𝑃)

3.6). This problem can 
be implemented for the moderate number of antennas and snapshots, however, for large-dimensional 
case, its computational complexity is prohibitive. Thus, in the next section, we provide an iterative 
algorithm based on the ADMM technique to expedite the implementation of (Error! Reference source 
not found.. 

  

 Fast JCAS Estimation via ADMM 

       Let us first rewrite problem (5-10) as  

min
𝐐,𝐏

  ∥ 𝒫Ω(𝐘) − 𝐐 ∥𝐹
2 s. t.  tr(𝐐𝚯𝑘)

= 𝛿𝑘 , ∀𝑘,𝐖 = [
𝐏 𝐐

𝐐𝐻 𝜇2𝐈
] ,𝐖

⪰ 0,𝐐Ω𝑇 = 0, tr(𝐏) ≤ 1, 

(5-12) 

where 𝐖 ∈ ℂ(𝑁𝑟+𝑃)×(𝑁𝑟+𝑃) is an auxiliary variable. Then, we can write the augmented Lagrangian 
function as  
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ℒ(𝐐,𝛙, 𝜌, 𝐏, 𝚫,𝐖) =
∥ 𝒫Ω(𝐘)

− 𝐐 ∥𝐹
2 ∑

𝐿

𝑘=−𝐿

𝜓𝑘(tr(𝐐𝚯𝑘)

− 𝛿𝑘)𝜌(1 − tr(𝐏)) + 〈𝚫,𝐖

− [
𝐏 𝐐

𝐐𝐻 𝜇2𝐈
]〉

+ 𝜉𝐖[
𝐏 𝐐

𝐐𝐻 𝜇2𝐈
] ∥𝐹

2 , 

(5-13) 

  where 𝜉 > 0 is a penalty parameter and 𝛙 = {𝜓𝑘}𝑘=−𝐿
𝐿  are real scalars, 𝜌 ≥ 0, and 𝚫 ∈

ℂ(𝑁𝑟+𝑃)×(𝑁𝑟+𝑃) is a Hermitian matrix, i.e., 𝚫 = 𝚫𝐻. 

       The ADMM includes the following iterative steps with iteration 𝑡 as  

(𝐐𝑡+1, 𝐏𝑡+1)
= min

𝐐,𝐏
ℒ(𝐐, 𝐏,𝛙𝑡, 𝜌𝑡 , 𝚫𝑡,𝐖𝑡),𝐖𝑡+1

= min
𝐖⪰0

ℒ(𝐖,𝐐𝑡+1, 𝐏𝑡+1, 𝛙𝑡 , 𝜌𝑡 , 𝚫𝑡), 𝚫𝑡+1

= 𝚫𝑡 + 𝜉(𝐖𝑡+1

− [
𝐏𝑡+1 𝐐𝑡+1

(𝐐𝑡+1)𝐻 𝜇2𝐈
]), (𝛙𝑡+1, 𝜌𝑡+1)

= min
𝛙,𝜌
ℒ(𝛙, 𝜌, 𝐐𝑡+1, 𝐏𝑡+1, 𝚫𝑡+1,𝐖𝑡+1). 

(5-14) 

       Let us first define  

𝚫𝑡: = [
𝚫1
𝑡 ∈ ℂ𝑁𝑟×𝑁𝑟 𝚫2

𝑡 ∈ ℂ𝑁𝑟×𝑃

(𝚫2
𝐻)𝑡 𝚫3

𝑡 ∈ ℂ𝑃×𝑃
], 

𝐖𝑡:= [
𝐖1
𝑡 ∈ ℂ𝑁𝑟×𝑁𝑟 𝐖2

𝑡 ∈ ℂ𝑁𝑟×𝑃

(𝐖2
𝐻)𝑡 𝐖3

𝑡 ∈ ℂ𝑃×𝑃
]. 

(5-15) 

       Then, we can write the following derivatives as  

▽𝐐= 𝒫Ω(𝐘) + 2𝐐
𝐻 +∑

𝐿

𝑙=1

𝚯𝑘 + (𝚫2
𝐻)𝑡(𝚫3

𝐻)𝑡

− 2(𝐖2
𝐻)𝑡 − 2(𝐖3

𝐻)𝑡

+ 2𝜇2𝐐𝐻 ,▽𝐏
= −𝜌𝐈 − (𝚫1

𝐻)𝑡 − 2𝜉(𝐖1
𝐻)𝑡

+ 𝐏 + 𝐐𝑡 , 

(5-16) 

 

 constrained on 𝐐Ω𝑇 = 0. Therefore, the closed-form solutions can be obtained as  
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(2 + 2𝜇2)(𝐐𝐻)𝑡+1

= −𝒫Ω(𝐘) + 2(𝐖2
𝐻)𝑡2(𝐖3

𝐻)𝑡

−∑

𝐿

𝑙=1

𝚯𝑘 − (𝚫2
𝐻)𝑡

− (𝚫3
𝐻)𝑡, 𝐏𝑡+1

= 𝜌𝐈 + (𝚫1
𝐻)𝑡 + 2𝜉(𝐖1

𝐻)𝑡

− 𝐐𝑡+1. 

(5-17) 

    To update 𝐖, we can write  

𝐖(𝑡+1) = [
𝐏𝑡+1 𝐐𝑡+1

(𝐐𝑡+1)𝐻 𝜇2𝐈
] −

𝚫(𝑡)

2𝜉
. 

(5-18) 

    We then project 𝐖(𝑡+1) onto the positive semidefinite cone (𝐖 ⪰ 0) by computing its eigenvalue 
decomposition as below  

𝐖(𝑡+1) = 𝐔 diag(max(𝛌, 0))𝐔𝐻 , (5-19) 

where 𝐔 and 𝛌 are the eigenvectors and eigenvalues of 𝐖(𝑡+1). Finally, to update 𝚫, 𝛙 and  

𝜌, we can write  

𝚫𝑡+1 = 𝚫𝑡 + 𝜉 (𝐖(𝑡+1) [
𝐏𝑡+1 𝐐𝑡+1

(𝐐𝑡+1)𝐻 𝜇2𝐈
]), 

𝜓𝑘
𝑡+1 = 𝜓𝑘

𝑡 + 𝜌(tr(𝐐𝚯𝑘) − 𝛿𝑘), 

𝜌𝑡+1 = 𝜌𝑡 + 𝜆(1 − tr(𝐏)). 

(5-20) 

   The procedure of the ADMM algorithm is summarized in Algorithm 1. After obtaining the Lagrangian 

variables using Algorithm 1, one can use ∥ (𝐐⋆)𝐻𝐚 ∥2
2= 𝜇 to recover DOAs and solve the LS problem 

and use 
𝐟𝑘
⋆

|𝛼𝑘|
 to estimate the communication data.  The computational complexity of the proposed 

algorithm is determined by the updates of key variables in the optimisation process. The update of 𝐐 
involves solving a linear system, which typically has a complexity of 𝒪(𝑁𝑟𝑃). Similarly, the update of 
𝐏 also requires solving a linear system with a complexity of 𝒪(𝑃). The update of 𝐖, is generally 
considered to have a complexity of 𝒪((𝑁𝑟 + 𝑃)

3) , as it involves matrix updates and calculations 
related to the block structure of 𝐖 and eigenvalue decomposition. The update of the dual variables 
𝛙 and 𝜌 involves solving a relatively simple optimisation problem, with a typical complexity of 𝒪(𝑁𝑟 +
𝑃), since the updates are based on solving for scalars in the dual problem. Lastly, the update of 𝚫 has 
a computational complexity of 𝒪(𝑁𝑟𝑃). Assuming the optimisation has 𝑇 iterations, the total 
complexity will be dominated by the matrix operations for updating 𝐐, 𝐏, 𝐖, and the dual variables 
as follows:  

𝒪(𝑇 ⋅ (3𝑁𝑟𝑃 + 𝑁𝑟 + 2𝑃 + (𝑁𝑟 + 𝑃)
3)) 

≈ 𝒪(𝑇 ⋅ (𝑁𝑟 + 𝑃)
3) 

(5-21) 

   This is less than the total complexity of problem (5-10), which means that the proposed fast 
algorithm can be used for high dimensional signaling.  

 Simulation Results 
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    In this section, we investigate the performance of the proposed joint off-the-grid (JOG) estimator 
via 1000 Monte-Carlo simulations. The DOAs of the transmitters are independently generated. We 
set 𝑁𝑟 = 𝑃 = 10. We define the root mean square error (RMSE) as 

RMSE:=

√
1

𝐾𝑁𝑚𝑐
∑𝑁𝑚𝑐
𝑛𝑚𝑐=1

∑𝐾𝑘=1 (𝜃𝑛𝑚𝑐,𝑘 − 𝜃𝑛𝑚𝑐,𝑘
⋆ ),  

(5-22) 

where 𝑁𝑚𝑐 is the number of Monte Carlo simulations and 𝜃𝑛𝑚𝑐,𝑘
⋆  is the estimated DOA at the 𝑘 −th 

transmitter for the 𝑛𝑚𝑐 −the simulation. We also define the symbol error rate (SER),  

SER = √
1

𝑁𝑚𝑐
∑

𝑁𝑀𝑐

𝑛𝑚𝑐=1
𝕀(𝐒𝑛𝑚𝑐−𝐒𝑛𝑚𝑐

⋆ ) 
(5-23) 

where 𝕀 is a binary indicator such that 𝕀 = 0 if 𝐒𝑛𝑚𝑐 = 𝐒𝑛𝑚𝑐
⋆ , otherwise, 𝕀 = 1, in which 𝐒𝑛𝑚𝑐

⋆  is the 

estimated signal at the 𝑛𝑚𝑐 −th simulation. We set 𝜇 = 0.6.  The value of 𝜉 is crucial for balancing 
convergence speed and stability in the augmented Lagrangian. In our simulations, we set 𝜉 = 0.5, as 
it provided a good trade-off, ensuring efficient convergence without compromising stability, which is 
essential for the practical application of the algorithm.  To ensure a fair comparison with the LANM 
framework outlined, we modified the evaluation setup by increasing the number of time slots used to 
sample the received signal. This adjustment allowed both approaches to detect the same number of 
symbols, enabling a direct performance comparison.  

  

  

 
 

Figure 22- The dual polynomial for the proposed JOG estimator and conventional ANM in Figs. 2 (a) and (b), 
respectively.  

 

    We compare the dual polynomial of the proposed JOG estimator with the conventional ANM. For 
the conventional ANM, we implemented problem (5-10) without the third constraint. The transmit 
signal for the conventional ANM is required, however, our proposed estimator is able to recover the 
DOAs without prior knowledge of the transmit signal. This can be seen in Figure 22 where the peaks of 
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the dual polynomial for our proposed estimator are exactly reached √𝜇 , however, the conventional 
ANM has many peaks, hence, it can not detect the DOAs. The DOAs and √μ are shown by the dashed 
blue and red lines. 

 

Figure 23-The RMSE of the DOA of the proposed estimator and benchmarks. 

   We compare the performance of the DOA and transmit signal estimations. In Figure 23, we plot the 
RMSE of DOA estimation in degree (deg) versus the signal-to-noise ratio (SNR). We use the Cramér-
Rao lower bound (CRLB) as a performance bound. The proposed JOG estimator outperforms the 
conventional benchmarks and it performance is comparable to the CRLB.  The results, presented in  
Figure 24, demonstrate that our proposed method achieves comparable NMSE and SER performance 
to LANM while retaining its inherent advantages, such as fully blind estimation, the ability to handle 
complex signals, and the capability to detect a greater number of symbols for a given transmitted 
signal.  
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Figure 24- The SER of the proposed estimator and benchmarks. 

    Once DOAs are detected, we implement the LS problem to recover the transmitted signal. We 
compare the SER of the proposed JOG estimator with the benchmarks. As shown in Figure 24, the 
performance of the proposed estimator is better than the conventional approaches. It is observed 
from this figure that by enlarging the QAM constellation, the SER increases.  Note that, to ensure a 
fair comparison, we increased the number of time slots used to sample the signal. This demonstrates 
the advantage of our proposed approach in detecting more symbols from the same transmitted signal. 

    We evaluate the empirical rate of success of detecting the DOAs in Figure 25. We carry out the 
optimisation problem for the different numbers of transmitters, and received samples from 𝑀 = 50 
to 𝑀 = 𝑁𝑟𝑃 = 100. The pure white and black are related to the successful and unsuccessful 
recoveries for all the Monte-Carlo simulations, respectively. It is observed from this figure that for 
higher rations of observations over numbers of transmitters the proposed JOG obtains a high success 
rate, while this declines with the increase of targets w.r.t. the numbers of observations.  

 

Figure 25- The empirical rate of success of detecting all the DOAs from 𝑀 = 50 to 𝑀 = 𝑁𝑟 = 100. 

    Finally, Figure 26 compares the execution time in seconds (s) versus the number of antennas for 
implementing the proposed estimator with conventional approaches using an Intel Core i7-6700, 2.6 
GHz CPU computer. As shown in the figure, the proposed estimator outperforms the ANM in terms of 
execution time due to the ADMM algorithm. 
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Figure 26- The execution time versus the number of antennas, 𝑁𝑟. 

 

 Future Works 

     We studied an off-the-grid estimator for the JCAS systems in the case of an incomplete observation 
model. We proposed SDPs for implementing it. We then leveraged the ADMM technique to propose 
a fast algorithm for solving it. Simulation results evaluated the performance of the proposed 
estimator. Our proposed method focuses on a line-of-sight (LOS) propagation scenario. However, 
extending our approach to the multi-path scenario would be an interesting research direction. 
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