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Hybrid Beamforming Design for

Communication-Centric ISAC

Leonardo Leyva, Daniel Castanheira, Adao Silva, and Atilio Gameiro

Abstract—The integration of communication and radio-sensing
functionalities on the same network has attracted attention recently,
a paradigm designated as integrated sensing and communication
(ISAC). This paper addresses the problem of fully-connected hybrid
beamforming design for a multi-user and multi-beam ISAC scenario.
Previous methods of fully-connected hybrid beamforming usually
deal with this problem in two steps. First, the fully digital beam-
former is obtained and then the hybrid beamformer is selected to
minimize the distance to the fully digital counterpart. However, this
approach may exhibit some drawbacks since the original commu-
nication and radio-sensing requirements may not be preserved.
In contrast in this work, the fully-connected hybrid beamforming
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is designed to ensure that communication and radio-sensing-related constraints are always fulfilled. The considered
optimization criterion is the maximization of the weighted sum rate subject to power budget and radio-sensing constraints.
To address this problem, we propose a novel and convergent iterative alternate optimization algorithm to design the
hybrid beamforming matrices that satisfy the criteria for both communication and radio-sensing. The simulation results
have shown that the performance is close to the fully digital precoder and outperforms other previous fully-connected

hybrid beamforming designh methods for ISAC.

Index Terms— Integrated sensing and communication; fully-connected hybrid beamforming; multi-user communication;

radio-sensing; multi-beam steering, iterative alternate optimization.

[. INTRODUCTION

Wireless communication and radio-sensing systems have
been historically developed in parallel as independent radio
systems, with regulators ensuring interference-free operation
[1]-[6]. However, the spectrum scarcity in specific geographic
regions and frequency bands motivated the research into more
efficient coexistence approaches like opportunistic spectrum
access, and projection-based techniques [1], [7], [8]. Although
those techniques partially relieve the spectrum scarcity issue,
their implementation requires inter-system collaboration, and
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dedicated hardware since communication and radio-sensing
are still separated systems.

More recently, the integration of radio-sensing and com-
munication functionalities on the same platform has been
proposed, known as integrated sensing and communication
(ISAC) [4]-[6], [9]. ISAC solves the spectrum scarcity prob-
lem but also uses the resources efficiently (hardware, net-
work infrastructure, etc.), and even pursues mutual benefits.
Therefore, in addition to solving the spectrum shortage, ISAC
has been identified as a key technology to enable a range of
use cases in next-generation wireless systems. In particular,
ISAC has been proposed to support future WiFi [10] and 6G
[11] applications, such as indoor fall detection, unmanned
mobility, and industry 4.0 [12]. Nonetheless, to enable a
radio-sensing dimension towards 6G, it is essential to further
research key technologies from the ISAC viewpoint, such
as beamforming. Beamforming for ISAC systems refers to
the spatial signal processing used in the design of precoding
matrices to simultaneously provide communication and radio-
sensing applications efficiently. Consequently, this area has
evolved into a timely subject, leading to several contributions
about fully digital (FD) [13]-[15], and hybrid analog-digital
(HAD) [6], [12], [16]-[19] beamforming design methods for
ISAC scenarios.

In [13], the authors designed the precoding matrices that
formulate an appropriate radio-sensing probing beampattern
while guaranteeing that the signal-to-interference-plus-noise
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ratio (SINR) of multiple communication users and total power
budget constraints. The results demonstrated that the ISAC
transmission yields better overall performance than the coex-
istence scenario, where antennas are separated to deliver com-
munication and radio-sensing operations separately. Similarly,
[14] designed a dual-function precoder that minimizes a radio-
sensing loss function subject to SINR and total power con-
straints in a multi-user scenario. Unlike [13], the paper studied
jointly precoded individual communication and radio-sensing
waveforms, which increases the degree of freedom (DoF) of
the radio-sensing waveform but generates interference in the
communication receivers. Previously discussed methods are
radio-sensing centric, as a radio-sensing metric is optimized,
such as matching a desired radio-sensing beampattern, while
meeting communication constraints. More recently, the authors
of [15] considered both, radio-sensing and communication
centric designs, respectively. In the communication-centric
solution, the sum-rate with multiple user-equipments (UE) is
maximized, subject to the signal-clutter-noise ratio (SCNR)
and power budget. In [15], the authors consider a monostatic
scenario, but the self-interference is neglected in the SCNR.
Also, the proposed algorithm is limited to formulating a single
beam for target detection, which further limits the radio-
sensing possibilities.

The contributions mentioned above focused on the design
of a fully digital precoder, which requires a radio-frequency
(RF) chain for antenna elements. However, deploying fully
digital precoders in transmitters with many antennas leads to
high hardware costs and power consumption. Hence, similar to
what happened in wireless communication and radar, the ISAC
research community has recently revealed interest in HAD
beamforming design methods [6], [12], [16]-[19]. Table I
classifies the cited publications based on key elements like the
HAD architecture, the ISAC scenario, the primary function-
ality (communication, radio-sensing, and weighted approach),
and whether a two-stage approach was used (i.e., FD precoder
approximation).

The initial contribution in this area concerns the investi-
gation conducted by the authors of [16]. The authors pro-
posed a partially-connected hybrid beamforming design for
a single-user MIMO (SU-MIMO) and multi-beam ISAC sce-
nario. More specifically, a MIMO BS communicates with a
multiple-antenna UE, while formulating radio-sensing beams
toward several directions. They derived the HAD beamform-
ing matrices that minimize the weighted sum of the Eu-
clidean distances to the desired communication and radio-
sensing precoders (previously obtained), subject to a power
budget constraint. This initial contribution was restricted to
the partially-connected architecture and SU-MIMO ISAC sce-
nario. In [6], a single-user and multi-beam ISAC scenario is

also contemplated, but a fully-connected HAD beamforming
design is derived. The design approximates a zero-forcing (ZF)
precoder, but the columns of the analog precoder are first set
to the corresponding radio-sensing steering vectors. Therefore,
this approach reduces degrees of freedom (DoF) of the analog
beamformer to an alphabet of steering vectors. More recently,
the authors of [12] considered the fully-connected hybrid
beamforming design problem for a multi-user and multi-beam
ISAC scenario. The devised algorithm does not depend on
approximation to the FD precoder but solves the HAD beam-
forming matrices through the optimization of a weighted sum
between communication and radio-sensing metrics, subject to
a power budget constraint. More specifically, the weighted
sum between the spectral efficiency (SE), and the spatial
spectrum matching error (SSME) is considered as optimiza-
tion objective. Due to the high complexity of the weighted
optimization problem, the authors proposed an iterative al-
gorithm based on the consensus alternating direction method
of multipliers (CADMM). Likewise, [17] addressed the fully-
connected hybrid beamforming design problem by considering
the weighted sum between the SE and SINR for communi-
cation and radio-sensing, respectively. Similarly to [12], the
authors employed a CADMM algorithm to obtain a solution
for the problem. Although [12], [17] investigated the fully-
connected hybrid beamforming design problem for multi-
user and multi-beam ISAC, different weights lead to different
objectives. Therefore, to meet a given communication/radio-
sensing metric, the correct weights must be selected, which
may be difficult [20]. To handle this issue one of the metrics
(radio-sensing or communication) must be considered as a
constraint. Compared to the weighted objective method this
approach has a simpler objective but more involved constraints
[20]. In [18], the authors followed this approach and devised
an algorithm for the HAD beamforming design from a radio-
sensing centric point of view. Namely, it was considered
the minimization of the angle estimation Cramér-Rao bound
(CRB) while ensuring that the SINR values of communication
users are satisfied. However, this contribution was restricted
to a partially-connected architecture. In contrast, [19] inves-
tigated the fully-connected hybrid beamforming design for a
radio-sensing centric ISAC scenario. The method minimizes
the Euclidean distance to an optimal radio-sensing transmit
beampattern subject to SINR constraints of communication
users and power budget. Contrarily to the partially-connected
architecture, the power budget constraint cannot be removed
from the analog part design bringing further complexity to
the problem to be solved. Therefore, the authors proposed
a two-stage optimization method. The first phase obtains
the fully-digital precoder that matches a desired transmitted

TABLE I: Resume of relevant features about HAD beamforming design for ISAC systems.

Contribution | HAD arquitecture | ISAC scenario

l

Primary functionality [ Two-stage approach

[16] partially-connected | single-user/multi-beam | weighted communication/radio-sensing yes
[6] fully-connected single-user/multi-beam | weighted communication/radio-sensing yes
[12], [17] fully-connected multi-user/multi-beam weighted communication/radio-sensing no
[18] partially-connected | multi-user/multi-beam radio-sensing centric no
[19] fully-connected multi-user/multi-beam radio-sensing centric yes
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beampattern subject to SINR constraints. Then, a second stage
yields the HAD beamforming matrices that approximate the
previously determined fully digital precoder. The main draw-
back of [19] is that it can not guarantee that the constraints
considered in the first phase are preserved when resolving
the HAD matrices in the second phase. Therefore even if
the weighted objective approach [12], [17] is not considered,
at the end, the original communication constraints in [19]
may still not be fulfilled. Motivated by the aforementioned
drawback, our work aims to design the fully-connected hybrid
beamforming matrices that always guarantee the fulfillment of
the set of constraints. Contrary to the revised literature, we
derived a solution from a communication-centric perspective.
Besides, the proposed algorithm does not approximate an FD
precoder.

This work considers the problem of fully-connected hybrid
beamforming design for a multi-user and multi-beam ISAC
scenario. A multi-antenna BS simultaneously transmits data
towards several single-antenna UEs while scanning a desired
geographic area by steering radio-sensing probing beams. We
propose a novel algorithm for the design of the hybrid beam-
forming matrices under a communication-centric objective.
The main contributions of this work include:

o Design of fully-connected hybrid beamforming for multi-
user and multi-beam ISAC scenarios. Unlike [12, 17,
19], the proposed HAD design is communication-centric
and guarantees that the examined set of radio-sensing
constraints is always satisfied.

o Reformulation of the considered ISAC non-convex opti-
mization constrained problem into a more manageable
form by leveraging the equivalence between weighted
sum-rate maximization and weighted-sum mean-squared-
error (WMMSE) minimization, first developed for com-
munication in [22].

o Proposal of a novel convergent and iterative alternate
optimization algorithm. For ISAC, the WMMSE formu-
lation has no closed-form solution and the hybrid struc-
ture introduces non-convex constraints into the problem.
Furthermore, as mentioned, the power budget constraint
brings further complexity to fully-connected architecture.

The results demonstrate improved communication perfor-
mance with lower complexity and zero outage probability
(probability of not satisfying radio sensing requirements) when
compared with previous methods recently proposed in the
literature. Specifically, a performance close to the fully digital
implementation is achieved with a moderate number of RF
chains.

The remainder of this paper is organized as follows. Section
IT describes the transmitted signal, communication receiver
and radio-sensing models. Section III presents the problem
formulation, the more tractable equivalent optimization prob-
lem and details the alternate optimization algorithm. In Section
IV, the proposed algorithm is evaluated and compared to
other algorithms proposed in the literature. Finally, Section
V outlines the main conclusions of this paper.

Notation: Complex scalars are represented by normal font,
i.e., a, vectors and matrices are denoted by bold lowercase
and bold uppercase letters, respectively, i.e., a, and A. E

stands as the expectation operator, C and R denote the set
of complex and real numbers, respectively. Besides, [-]7 ,
[-]*,and [ -], indicate the transpose, conjugate and Hermitian
transpose operations, respectively. Finally, diag(-) denotes the
diagonal matrix of a vector, () represents the real part of a
complex scalar, ||- || denotes the Frobenius norm and A ® B
is the Kronecker product between A and B. The vector ey
denotes the kth column of the identity matrix.

[I. SYSTEM MODEL

This work considers the scenario described in Fig. 1. The
transmitter is an ISAC base station (BS;x) equipped with a uni-
form linear array (ULA) holding N, antenna elements. The
BSix jointly serves K single-antenna user equipment (UE) and
steers () radio-sensing probing beams (RSb) pointing towards
¢q directions for target detection. The channel between the
BS;x and UEs can be either line-of-sight (LoS) or non-line-
of-sight (NLoS), while the targets are assumed to have LoS
with the BS¢y and are illuminated by the RSbs.

In Fig. 1 the radio-sensing signal processing, namely target
detection and estimation of targets parameters, is done in a
bistatic receiver (designated as BS,y) or a central unit (CU)
as proposed in [5]. The reason to consider a bistatic topology is
related to the self-interference issues inherent to the monostatic
topologies. In this arrangement, the communication signals
can be used for sensing as either the CU or BS,; knows
the communication signals transmitted by the BSi. In the
following, it is assumed that the channel state information
(CSI) is known by BS;y. The CSI may be acquired by utilizing
pilot signals, where conventional techniques like minimum
mean squared error (MMSE) and least-squares (LS) [21] can
be used. Considering FDD, the channel is estimated at the
UE, and the parameters are transmitted through an appropriate
channel to the BStx. If TDD is considered, the BStx may
exploit the uplink-downlink reciprocity to estimate the uplink
channel and then use it in the downlink slot. Also, to guarantee
that objects in a given geographical area are illuminated with
enough power, BS; knows the required power of the transmit
beampattern in the direction of the radio-sensing probing
beams.

A. Transmitted Signal Model

We consider downlink transmission for an MU-MIMO
system operating in the mmWave band. In order to minimize
power consumption, the BSy, uses an HAD beamformer with
Ngr radio-frequency (RF) chains. It is assumed that the data
symbols used for communications are also used for radio-
sensing purposes. Consequently, the transmitted signal can be
expressed as

x =W, Ws
K
(D
ZWa Z Wd kSk
k=1
where s = [s1,---,sx]7 € CK denotes the transmitted
data stream, Wy = [wq 1, ,Wq x| € CNRFXE represents

the digital precoder, for which wg is the precoder vector
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Fig. 1: Illustration of the considered ISAC system. The BS;y jointly serves K single-antenna UEs, while steering ¢ RSbs.
Both BSs are interconnected via a backhaul to a central unit. The radio-sensing signal processing is performed between BS,

and the CU.

intended for the kth UE, and W, € CNex*NrF g the analog

precoder.
The transmitter model assumes that the entries of s are
independent with unitary power, E[ss’/] = Ix. The model

also assumes a fully connected HAD structure, where each RF
chain is connected to all antenna elements via phase shifters.
As a result, each element of W, has a constant modulus (CM),
given by (v/NixNgr)~!. Furthermore, the available power
budget of the ISAC-BS is constrained by Pr as

W, W% < Pr. )

B. Communication Receiver Model

After passing through the channel, the transmitted signal (1)
is received by the kth UE. Thus, the received signal y; can
be represented as

i =hilx + ny
- (3)
= thWaWd,k:Sk: + thWa Z Wq,iS; + Nk
i=1,i#k

where the first term is the desired signal, the second term
describes the inter-user interference, and ny is the receiver
noise, which is additive white Gaussian noise (AWGN) with
zero mean and variance o2. The vector hy, € CNex represents
the channel between the kth single-antenna UE and the ISAC-
BS. The communication channel h;, € CV can be modeled
as a geometric channel [23]. Formally,

1 H
h, = NG hZ::l anan,, (0n) )

where H is the number of paths, «, stands as the complex
gain of the hth path, and the vector ay,, (6),) represents the
transmit array response vector in the direction of 6,. The array

response vector for an ULA consisting of IV antenna elements
can be expressed as

an () = [1, G dsn0) . igdn-Dsn@]" (s

where d and A are the inter-element spacing and the signal
wavelength, respectively.
Considering (3), the SINR of the kth UE is given by,

[ W, wa|*

SINR; = . 6
I Waw 2 + o7 ©

The rate of the kth UE can be obtained as
Ry, =log (1 4+ SINRy,) . (7)

C. Radio-sensing Model

For radio-sensing purposes, the ISAC-BS directs () radio-
sensing probing beams toward ¢, Vq. Therefore, the transmit-
ted signal in the direction of the g¢th radio-sensing probing
beam is given by,

9q = gfx
(®)

K
H
=g, Wq E W,k Sk,
k=1

where g, € CVex represents the transmit array response vector
(5) in the direction ¢, (ie., g, = an, (¢,)). Hence, the
average power of the transmit beampattern in the direction
¢4 can be represented by [24],

G(¢q) = g Re, 9)
K

= gl Wawarl*. (10)
k=1
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where R is the covariance matrix of the transmitted signal (1),
which follows from

R =E[xx/] = W,W,WIWH, (11)

[1l. HYBRID BEAMFORMING DESIGN

This section proposes a novel algorithm aimed at designing
the optimal fully-connected hybrid beamforming matrices. The
problem is formulated as the weighted sum-rate maximization
[25], subject to total power budget and radio-sensing con-
straints. The considered optimization problem is non-convex
and difficult to solve [22], [25]. Hence, it is reformulated
into a more tractable form by using the equivalence between
the maximization of the weighted sum-rate and the WMMSE
minimization optimization problem [22]. However, in contrast
to the scenario of [22], for which a closed-form solution
exists, the hybrid architecture and radio-sensing constraints
considered in our problem prevent the existence of such a
closed-form solution. Therefore, we develop a novel itera-
tive alternate optimization algorithm for designing the fully-
connected hybrid beamforming matrices.

A. Problem Formulation

The problem under consideration involves designing the
hybrid beamforming matrices to maximize the weighted sum-
rate of the downlink communication system while satisfying
the total power budget and a transmit beampattern gain in the
direction of the radio-sensing probing beams. Consequently,
the problem can be formulated as,

r?%’}\(’d zk:akRk (12a)
st [[W,Wyl|% < Pr (12b)
G(gq) > Ay, Vg (120)

W, e A (12d)

where ay, is a weight that determines the priority assigned
to the kth UE, A, represents the threshold that determines
the minimum required power of the transmit beampattern in
the direction of the qth radio-sensing probing beam. The set
A describes the feasible set of analog beamforming matrices
with CM.

B. WMMSE-Based Equivalent Optimization Problem

The optimization problem (12) exhibits a non-convex struc-
ture. This is because of the non-convex nature of both the
objective function and the sets represented by constraints (12¢)
and (12d). Using the equivalence between maximization of the
weighted sum-rate and minimization of the WMMSE [22], the
problem (12) can be equivalently formulated as

Z apwier — log(wy)
k

W, W||3 < Pr
G(¢q) > Aqa Vq
W,e A

min
W, Wg,wg,uk

s.t. (13)

where wy, and wuy are the kth UE weight and equalizer, and
e is the mean squared error (MSE) between the soft decision
Sk and the transmitted signal sg. The MSE is given by,
er =E[(8r — s1) (8 — s) "]
=|1— UzthWaWd7k|2 + Z |u7;thWawd7i|2
i£k

(14)

+ |ug|?o,

where, the soft decision 55, follows from 35 = ujyx, and yx
is the received signal at the kth UE, see (3).

The previous establishes that minimizing the WMMSE
(13) is equivalent to maximizing the weighted sum-rate (12).
However, solving (13) is simpler due to its quadratic objective
function. To solve (13) an alternate optimization method could
be used, where wy;, and u have closed-form optimal solutions.
The optimal solution for wuy is given by the MMSE receiver,

up =i "hf Wowa (15)
where ji, = Zfil Ihi'W,wq;|> + 02 is the variance of the
received signal at the kth UE, while wj optimal solution is
wyp = e,;l [22]. However, due to the non-convex nature of the
CM and radio-sensing constraints, to our best knowledge, it
is not possible to find a closed-form solution for the hybrid
beamforming matrices. Consequently, an iterative alternate
algorithm has been developed to obtain W, and W, under
the assumption that the remaining variables remain fixed.

C. lterative Alternate Algorithm for Hybrid Beamforming
Design

This section provides a comprehensive description of the
proposed iterative alternate algorithm for obtaining W, and
W ,. As mentioned earlier, (12¢) and (12d) define non-convex
sets, making (13) a challenging problem to solve. To address
the non-convexity of (12c), it is replaced with a more re-
strictive and convex constraints. On the other hand, the non-
convexity of (12d) is handled by resorting to several trans-
formations (i.e., upper-bound function, projection, equivalent
problems, etc.) that result in a version of (13) where a solution
for W, and W, can be found.

Under the alternate minimization framework, as previously
mentioned, W, and W can be solved over (13), when w;, =
wy, and uy, = uy, are fixed. Thus, by substituting (14) into (13),
we can reframe the optimization problem as follows,

in ||®'/2(1— wHY 2
Woin [|8Y2( tEWaWa)|F (16a)

st. |[W.Wyl||% < Pr (16b)

1
77 2 Rle WaWaen) = A% Vg (160
k

W,c A

where & = diag{aywy, - ,agwk}, P =
diag{uj,--- ,ul}, and Hyg = [hy,--- ,hg]. The objective
function in (16a) is the same as in (13) but in matrix form,
using (14). To handle constraint (12c), which is non-convex,
it was replaced by (16¢). This new constraint is convex but it

(16d)
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is more restrictive since the set defined by this constraint is a
subset of (12c¢), accordingly to proposition 1.

Proposition 1: Let us define B = {W,, W :
B= {W,, W, : (16¢)}, then BCB.

Proof: Sets B and B define the points satisfying con-
straints (12¢) and (16¢). As ||x|| is a convex function, it can
be lower-bounded by the linear function (x{'x/||x0||), which
is valid for any x. For xo = 1 follows the inequality ||x|| >
RATx/1]) = VR Y, RixTey). If x = (gHW,Wa)?
then proposition 1 follows. [ |
From previous proposition follows that the optimal value of
the original problem is lower than the new one, but the solution
always fulfills the original constraint.

The previous optimization can be reformulated by defining
the Lagrangian function

(12¢)} and

LWa, W, pg) =||@*(1 - WH{T W, W) ||
> n (%{tr(GfWaWd)} - A}/?)
q

a7
that includes the radio-sensing constraints. The reformulated
problem is

I’l’ll&] ‘C(Wavwdnu’q)

as

st [[WaWall% < Pr (18)
W,e A
where i, are the Lagrangian multipliers, and G, =

L1,k ® g, is the radio-sensing steering vector in matrix
form. The relation between the previous problems is specified
in the next proposition.

Proposition 2: The problems (16) and (18) are equivalent
when Lagrangian multipliers p, are selected such that (16c)
is satisfied.

Proof: Let pg = py be selected such constraint (16¢) is
respected, then L(W,, Wy, p17) is identical to (16) objective
function. Therefore, the problems’ solution will be identical,
since both the objective function and remaining constraints are
the same. [ |

The structure of (17) makes (18) still a difficult problem.
Hence, we define an upper-bound function of (17), which
is derived in Appendix A. Therefore, the upper-bounded
optimization problem can be recast as

: _YAT (12
whin, ||[WaWa —Wollr

st ||[WoWqllF < Pr (19)
W,ec A
where
Wy =W, oWao—aVL (W0, Wag,pl),  (20)

W, 0, and W o denote the previous iteration analog and dig-
ital precoders. Also, & = 1/A\ax(Hy) denotes the inverse of
the maximum eigenvalue of the Hessian matrix of (17), where
H, = HUEHUE Additionally, VL(W, o, W) represents
the gradient of (17) when evaluated at (W, 0, Wg o, tq),

which is given by

VLW oW, tg) = HiigHupWa 0Wa
o 1 21
A el . Zquq~ 21
q
where Hyp = ®'/2WH{L, represents an equivalent channel.

Note that the upper-bound function is a distance that measures
how far the hybrid precoder is to a given precoder objective.
The precoder objective changes from iteration to iteration
and can be thought of as the hybrid precoder obtained when
moving along the steepest descent direction of L. Therefore,
in contrast to the method proposed in [19], which considers a
similar problem but with a fixed precoder objective, here the
precoder objective is modified over the iterations in order to
obtain a solution for the original problem.

The power constraint when paired with the CM constraint
makes the solution of (19) difficult. Therefore, the power con-
straint is included in the objective function of (19), remaining
only the CM constraint as stated in theorem 1.

Theorem 1: Let W, W3 be the optimal solution of (19)
and define W, W as the optimal solution to,

min |[[W, Wy — Wol[Z + |[W, W2
W Wa : T
st. W, €A,

then the optimal analog solutions are identical in both prob-
lems, W; = WZ, and the digital solution of (19) is a
projection of the solution of (22) into the set defined by the
power constraint, WS = P(W., 2W), with the projection

operator defined as

Wy, W, W2 < Pp
P(Wa,Wd):{ U W ch . 112 o3
TWoW,[7 YYd» Otherwise.
Proof: see Appendix B -

Theorem 1 states that problems (19) and (22) are equivalent
in the sense that optimization over W, is identical in both
problems. Notice that W, solution is easier to obtain using
(22) than (19) since there is no power constraint. Therefore, the
solutions for W, and W can be obtained by alternating over
(22) and projecting W ; using (23). The following subsections
detail how the solutions for W, and W are obtained.

1) Analog Beamforming Design: The analog precoder W,
is optimized by minimizing an upper-bound of (22) objective
function. The detailed derivation of the upper-bound is pro-
vided in Appendix C. Consequently, (22) can be reformulated
as follows,

max R(tr(Wa,0 — SVI(Wa,0))TWa))
Wa (24)
st. W, e A
where the gradient is given by,
Vi(Wa0) = (2WaoWao - W)W, (29

and 8 = 1/ Amax(Hew,)) with Hew, ) = 2Wd70W§{0. From
(24), we can observe that the optimal W, is given by,

1

W,=——
VN Nrp

R(Wq,0— BVEWap)). (26)
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where R is a retraction over the complex circle manifold
defined as,

R(w) = —

27)
|wl

where w is a complex scalar. For matrices, the retraction is
applied to each entry. Note that in (26) the analog hybrid
precoder part is obtained by moving first along the steepest
descent direction of (24) objective, and then projecting the
result along the CM constraint to make the solution feasible.

2) Digital Beamforming Design: The optimal W, results
from solving (22), but considering that W, is fixed to W g.
Hence, (22) can be reformulated as

min [[W, oWy = Wollf +[[WaoWallh. (28
d
The solution of the above problem is given by,

J— 1 ~

W, = 5(vvfj{ovvw)-Wvﬁowo. (29)

According to theorem (1) the power constraint is satisfied
through the projection defined in (23) as

Wy =P(Wq0,2W,). (30)

All steps of the derivation ensure that the new objective
majorizes the previous optimizations objective. Therefore, it
is ensured that the proposed method strictly improves perfor-
mance over the iterations. As the objective function value is
lower bounded by zero it always converges to a fixed value
[26].

The proposed WMMSE-based iterative alternate optimiza-
tion algorithm is summarized by Algorithm 1. Notice that the
value of yi (see proposition 2) used in step 5 may be obtained
through a multi-dimensional numerical search method.

Algorithm 1: WMMSE-based Iterative Alternate Op-
timization Algorithm for Hybrid Beamforming Design.
Result: W,, W,
Input: Pr; ¢; Hug; {g,}; {2} Io; [1; o2
1. Randomly initialize W, € CNex*Nrr guch that
each entry presents CM with value /N IV Rpfl;
2. Randomly initialize Wy € CVEFXE guch that
W Wil[3 = Pr;
for [1=1:1, do
3. uf =i, "hE W, wy , VE;
4. wp = (1—up*hIW,wg )71 Vk;
for (2=1:1; do
5. Wo =W, oWao—aVL(W,0,Wao,u;);
6. Wa=3(WH W, ) 'WH W, ;
7. Wa = ﬁRLWa’O — ﬁVf(Wa)o));
8. Wy =P(W,,0,2W,), where W, ¢ follows
from step 7;
9. Update W and W3;
10. Compute sum-rate according to (12)

end

end

D. Computational Complexity Analysis

The primary computational complexity of the proposed
algorithm lies in designing the hybrid beamforming ma-
trices, with particular emphasis on computing (20), (26),
and (29). Specifically, solving (20) entails a complexity of
O(N2. +2N2 K + 2Ny NrrK), which can be approximated
by O(N2). This complexity stems from operations such
as singular value decomposition and matrix multiplications.
Solving (26) involves a complexity of O(N3 - +2Nyx NrpK),
which simplifies to O(N3 ), this complixity is due to singular
value decomposition and matrix multiplication. Solving (29)
exhibits a complexity of O(N3 4+ 2NZ Nrp + Neix NrrK),
primarily attributed to matrix inversion.

In summary, the overall complexity of the proposed algo-
rithm is O(Lier(NS, + N + 2NZ Ngr)), where I, = Iols,
Iy and I; set the number of iterations for the WMMSE-based
equivalent problem (13), and the iterative alternate algorithm
used for the design of W, and W (16), respectively. Notice
that the computational complexity is similar to the algorithm
proposed in [12].

IV. NUMERICAL RESULTS

This section validates the proposed WMMSE-based iterative
alternate optimization algorithm, referred to as ItAIHAD.
The ItAIHAD algorithm is compared with the fully digital
precoder, the two stage alternating minimization algorithm
introduced in [19], referred to as TwoS-AltMin, and the
method in [12] designated as CADMM. To ensure fairness
in the comparisons, the hybrid beamforming obtained through
the TwoS-AltMin approach involves approximating a fully
digital precoder generated by the ItAIHAD algorithm, setting
Ngrr = Nix. On the other hand, the method in [12] resolves
the hybrid beamforming through the CADMM algorithm.

The following considers that the BS;y is equipped with an
ULA holding Nix = 32 elements spaced by A/2, and the
signal-to-noise ratio (SNR) is set to 30 dB. The communica-
tion channel is characterized by a mmWave geometric model,
as described in (4). Here, 0 follows a uniform distribution
ranging from (—/2, 7/2], and «y, follows a Gaussian distri-
bution with a mean of zero and unit variance. Additionally and
unless otherwise specified, the number of scattering paths is
set to 10. The power budget of the hybrid beamforming is set
to Pr = 1. Besides, it is considered that the communication
and radio-sensing channels are normalized, i.e., Elhf'h;] =
llg,ll*> = 1. Consequently, the gain of transmit beampattern
in the direction of the radio-sensing probing beams (9) can
only take values between (0,1]. In decibel, the power of the
transmit beampattern is computed according to

G((bq)dBi = 1010g(Nthq)~ (3])

The following provides an analysis of the convergence
behavior of the proposed algorithm. This is followed by a
study of how the radio-sensing constraint value impacts the
transmit beampattern and the achieved sum-rate. Subsequently,
the outage probability (the probability of not satisfying the
radio-sensing constraint) is evaluated. Finally, the sum-rate is
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assessed by considering the impact of the number of RF chains
and SNR value.

The convergence of the sum-rate (see (12b)) is illustrated
in Fig. 2. The scenario under consideration involves K = 4
UEs and @ = 1 radio-sensing probing beam directed towards
10°. Additionally, two configurations are examined, namely,
fully-connected HAD architectures with Ngpp € {4, 8}, re-
spectively. Fig. 2 presents the convergence obtained over 1000
iterations. Nevertheless, simulations indicate that the algorithm
reached a stable value considerably earlier. It can be verified,

30

n
]
T

n
o

ItAIHAD - K = 4,Ngp =4
———-TtAIHAD - K =4, Npp =8

o

Sum-rate (bits per channel use)

o
T

. . . .
0 200 400 600 800
Iterations 7,

1000

Fig. 2: The convergence of the weighted sum-rate obtained
by the proposed ItAIHAD algorithm for fully-connected HAD
architectures with Npp € {4, 8}, respectively.

from Fig. 2, that the algorithm strictly improves performance
with the number of iterations. This is valid for both scenarios
as expected from the algorithm design as explained in section
III-C. Namely, the algorithm converges with approximately
250 iterations for both configurations (i.e., Ngrr € {4,8}).
Also, it can be noticed that the configuration with Ngp = 6
converges to a greater sum-rate, which is due to the two
additional RF chains.

Fig. 3 illustrates the transmitted beampattern for a scenario
with K = 4 UEs (for ease of exposition both the communi-
cation and radio-sensing channels are LoS), and () = 2 radio-
sensing probing beams are considered. The UEs are positioned
at angles —50°, —20°, 25°, 45°, while the radio-sensing prob-
ing beams point at —10° and 10°. In Fig. 3, we consider
that the radio-sensing constraint is the same for both radio-
sensing beams, that is A; = As. The result in Fig. 3 reveals
a trade-off between the power of the transmit beampattern
in the direction of the radio-sensing probing beams and the
UEs. It is clear that as the radio-sensing constraints A; and
Ay values increase, the power in the direction of the UEs
decreases, which directly influences the sum-rate. Therefore,
the following result investigates this trade-off and compares it
with the fully digital, TwoS-AltMin and CADMM algorithms.

Fig. 4 displays the trade-off between the mean sum-rate
obtained for K = 4 UEs and the constraint Ay for Q = 1
radio-sensing probing beams. The mean sum-rate is obtained
for values of A; ranging from 0.1 to 0.9, in decibels from 5 to

T T
Ay, Ay =5 dBi

Transmit beampattern (dBi)

-90 -7‘0 -éO -?;0 -1‘0 1‘0 3‘0 5‘0 7‘0 90
degrees

Fig. 3: The resulting transmit beampattern for a scenario with

K =4 UEs and () = 2 radio-sensing probing beams, obtained

for a hybrid architecture with Niy = 32 and Nrp = 4.

14.6 dBi. Different HAD configurations are evaluated, namely
Nrr € {4,6}. For ease of presentation, the comparison
with the fully digital precoder, and TwoS-AltMin algorithm
is shown in Fig. 4a, while the comparison with the CADMM
algorithm is displayed in Fig. 4b. The parameter n in Fig.
4b weights the radar and communications metrics. A higher
1 value indicates a better radar performance [12]. The results
depicted in Fig. 4a demonstrate that the ItAIHAD algorithm
outperforms the TwoS-AltMin algorithm for both HAD config-
urations, Ngr € {4,6}. These findings show the superior effi-
ciency of the proposed algorithm. Specifically, with only 4 RF
chains, the ItAIHAD algorithm achieves better performance
compared to TwoS-AltMin with 6 RF chains. This occurs
because the TwoS-AltMin algorithm fails to deliver an accurate
approximation of the fully digital precoder when Npp < 2K.
In addition, we got the result for a HAD configuration with
Ngrr = 8§, but for clarity, the curve was omitted in Fig. 4a.
For Nrr = 8, the ItAltMin and TwoS-AltMin algorithms
exhibit a similar performance, closely approaching that of the
fully digital solution. In contrast, Fig. 4b illustrates that the
CADMM algorithm achieves a higher mean sum-rate than the
ItAIHAD algorithm. However, as it will be further detailed,
this is because to the high probability that the constraint A;
may not be fulfilled by the CADMM algorithm. This occurs
because the method in [12] does not consider A; as constraint
but rather minimizes a weighted communication/radio-sensing
objective function. For comparison, we have set different
values to the weight 7, but the simulations have shown that
meeting a specific radio-sensing constraint is quite difficult.
Besides, the ItAIHAD and CADMM methods present similar
computational complexity (see section II1.D, and [12]), but our
algorithm always fulfill the set of constraints, in contrast to the
CADMM.

Notice that from Fig. 4, the compliance of the constraint
(12¢) can not be examined. Hence, Fig. 5 illustrates the
cumulative distribution function (CDF) of the power of the
transmit beampattern in the direction of @ =1 (i.e., G(¢1)),
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—a— Fully Digital
—&—TtAIHAD (Ngp = 4)
107 |_ A~ TtAIHAD (Ngp = 6)
—p— TwoS-AltMin (Ngp = 4)
— 7 — TwoS-AltMin (N = 6)

Mean sum-rate (bits per channel use)

I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Ay

46— TtAIHAD (Npr = 4)
—5— CADMM - (Ngp =4, 7 = 0.1)
- <7 - CADMM - (Ngp =4, n = 0.9)

Mean sum-rate (bits per channel use)

I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Ay

(0)

Fig. 4. The trade-off between the mean sum-rate and the
constraint A, obtained for a scenario with K =4 and Q) = 1:
(a) comparison with fully digital, and TwoS-AltMin algorithm
for Ngr € {4,6}, (b) comparison with CADMM algorithm
for Npr =4 and n € {0.1,0.9}.

given by (9), for a radio-sensing constraint value of A; =
0.3 and Ngrr = 4. More specifically, Fig. 5 displays the
CDFs obtained for the proposed ItAItHAD, TwoS-AltMin and
CADMM algorithms. Fig. 5 shows that the proposed ItAIHAD
algorithm consistently fulfills the constraint A;. This remains
valid for any HAD arquitecture. In contrast, it can be seen
that both the TwoS-AltMin and CADMM algorithms do not
satisfy the set constraint value A;, which is more critical for
the CADMM algorithm. This means that the outage probability
(probability of not satisfying the radio-sensing requirements)
of the TwoS-AltMin, and the CADMM algorithms are not
zero, in contrast to the proposed method. For this specific
scenario, the outage probability of the TwoS-AltMin is around
2%, while the CADMM reported 30%, which is high, and
higher than the TwoS-AltMin. Also, the simulations showed
that the CADMM may even report an outage probability of
100% for specific scenarios. More specifically, the outage
probability is highly dependent on the 7 value selected. The

ItAIHAD
TwoS-AltMin

0.2 CADMM - (n = 0.1)
- ==~ CADMM - (y = 0.9)

6 085 01 o015 02 025 03 085 04
G(¢1)

Fig. 5: The CDF of G(¢;) obtained for Ay = 0.3, Ngr =4,

K=4and Q =1.

lower the 7 the better the mean-sum rate performance but
the outage probability degrades significantly, meaning that
the radar-requested performance target could not be fulfilled.
Therefore, in the following we constraint the comparison
of the proposed ItAItHAD algorithm with the TwoS-AltMin
approach. Denoting the outage probability of the radio-sensing
constraint as P(G(¢1)) < Ay, table II summarizes the outage
probability obtained for the TwoS-AltMin algorithm for differ-
ent HAD configurations and values of A; = 0.1,0.3,0.5. The

TABLE II: The outage probability P(G(¢1)) < A; obtained
for the TwoS-AltMin algorithm.

Ay | Npp =4 | Npp =6 | Nrp =8

0.1 20% 15% 4.3%
0.3 2% 10% 4.9%
0.5 0 4.6% 4.6%

results in table II showcase that the TwoS-AltMin algorithm
cannot guarantee that the constraint (12c), considered in the
design of the fully digital precoder, is preserved.

Fig. 6 investigates the mean sum-rate for different HAD
configurations (number of active RF chains Nrp). There are
assessed two scenarios, where the scheduled UEs are set to
K € {4,6}. For both scenarios @ = 1 with A; = 0.3.
Fig. 6 demonstrates that the proposed ItAIHAD algorithm
clearly outperforms the TwoS-AltMin algorithm for scenarios
where Ngip is less than or equal to twice number of UEs,
i.e., Ngpr < 2K. Otherwise, both algorithm reports a similar
performance in terms of mean sum-rate. The gap for K =
Npgp is around 10 bits per channel use between the two
methods. The proposed method achieves a performance close
to the full-digital method with a much lower number of RF
chains, leading to improved energy efficiency.

The result in Fig. 7 analyses the mean sum-rate of the
proposed ItAIHAD and TwoS-AltMin algorithms versus the
SNR for K = 8, Q = 1 and Nrr = 8. By observing Fig.
7, it becomes evident that the proposed algorithm achieves
superior performance compared to the TwoS-AltMin algorithm
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Fig. 6: The mean sum-rate with respect to Ngp for the
proposed ItAIHAD, and TwoS-AltMin algorithms.
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Fig. 7: The mean sum-rate versus the SNR values.

when the SNR exceeds 20 dB. However, in the low SNR
range, both methods exhibit similar performance. Additionally,
it is worth noting that the ItAIHAD algorithm demonstrates a
linear relationship with the SNR, whereas the TwoS-AltMin
algorithm appears to exhibit a saturation behavior in the high
SNR regime.

V. CONCLUSIONS

This paper assessed the problem of fully-connected hybrid
beamforming design for an MU-MIMO and multi-target/beam
ISAC scenario. The problem was formulated as the maximiza-
tion of the weighted sum-rate subject to the total power budget
and radio-sensing constraints. The problem is non-convex and
therefore difficult to solve. Hence, it was reformulated into
a more manageable equivalent problem by leveraging the
WMMSE problem, but the hybrid architecture still precluded
a closed-form solution. Therefore, we proposed an iterative
alternate optimization algorithm to design the optimal fully-
connected hybrid beamforming matrices. Simulation results

assessed the performance of the proposed ItAIHAD algorithm
in terms of mean sum-rate, and transmitted power in the
direction of the radio-sensing probing beams. Besides, the
performance of the ItAIHAD algorithm was compared with
a fully-digital precoder, the TwoS-AltMin and the CADMM
algorithms in the literature. The results showed that the perfor-
mance of the proposed ItAIHAD algorithm is close to the full
digital precoder and outperforms the TwoS-AltMin, and the
CADMM algorithms recently proposed in the literature. The
proposed method yields satisfactory results even when few RF
chains are available, leading to an energy-efficient solution.

APPENDIX |
DERIVATION OF UPPER-BOUND FUNCTION FOR (17)

In this appendix we derive an upper-bound for (17). Let
W = W, Wy, then (17) can be rewritten as
(W) =121 - TH{W.Wa)||%

- Z,uq (?R{tr(GfWaWd)} - A}/2) (32)
q

Using the second-order Taylor polynomial, f(W) can be
expressed as,

f(W) = (W) + 2R(tr (VT (W) (W — W)

o (33)
+ tr((W — Wo) " Hyw) (W — Wy))

where V(W) and Hyw) are the gradient and the Hessian
of (32). Notice that (32) is a second-order function, then the
Hessian is a constant.

The upper-bound function g(W) can be obtained as,

g(W) = f(Wo) + 2R(tr(V7{(Wo) (W — Wy)))

- (34)
+a [W — W%

where & = 1/Anax(Hew)) with Apax(-) denoting the max-
imum eigenvalue, which ensures {(W) < g(W). Notice that
g(Wy) = f{(W). The equation in (34) can be rewritten as,

g(W) = a M [[W — (Wo — aVE(Wy))[[z +¢ (39

where c is a constant and V(W) is given by

- ~ ~ 1
V(W) = B Hys W, — Hi®'/2 — 5 > 114Gy (36)
q

and Hyp = &/ 2WHH, defines the equivalent channel
matrix. Finally, we have that

(W) < a™H[W — (Wo — aVE(Wo))l[E +c (37

which finalizes the proof.

APPENDIX Il
PROOF OF THE EQUIVALENCE BETWEEN (19) AND (22)

This appendix demonstrates the equivalence between the
optimization problems (19) and (22). Let us solve (19) for
W, as, R

min||[W, Wy — Wq||%
Wa (38)
st. |[W.Wy||% < Pr.
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Note that (38) is a least square (LS) constrained optimization

problem, for which the solution is given by,
Wi = P(W,, (W W,) ' WIW,) (39)

where the projection operator P(-) is defined in (23). From
(39)
HWaWdH%‘ < P

QWO 5
QW, otherwise

FHQW llr

where Q = W,(WXZW,)~"'WZ Hence, substituting (39)
into the objective function in (38), we have

[QWo — W2, W, Wl < Pr
v/ Pr | |(§v\\)fV(\)\ otherwise.

W.W; = (40)

f(W,) = .
(Wa) —Wol2,

Similarly, we solve the related problem (22) for W, @
min|[W, W — Woll: + W Wall% (42)

for which, the solution is
W, = %(waa)*lwf\?vo. (43)

which is identical to (39) if multiplied by 2 and normalized

by operator P(-), i.e., W3 = P(W,,2W ;). Substituting (43)
into the objective function of (42), we get

1 o ~

&(Wa) = 5|1QWo = Wollf: + ¢ (44)

where ¢ = %tr(WOWSI ) is a constant. From (41) and (44),

it can be seen directly that optimizing over W, is identical

in both problems when the constraint [|[W,W,||% < Pr is

fulfilled in (41). However, this equivalence can not be seen

directly from previous equations. Therefore, we recast {(W )

as,

f(Wa) = c1 = 2¢/Pr|QW{|I» (45)
while g(W,) can be expressed as,
1 N
g(Wa) = c2 — 5 |QWy' |, (46)

where ¢; and co are constants. Therefore, it can be noticed that
optimizing W, over (45) and (46) is identical. Consequently,
we have shown that optimizing W, over the problems (19)
and (22) is equivalent, which concludes the proof.

APPENDIX Il
DERIVATION OF UPPER-BOUND FUNCTION OF (22) FOR
W,
In this appendix, we derive an upper-bound function of (22).
For easy of exposition, (22) objective function is transcribed
in the following

(Wa) = [WaWao = Wol[7 + [WaWapl[7. (47

Using the second order Taylor expansion (33), we get the
following upper-bound function,

f(Wo) <B7H[W, — Wl

5 (48)
+2§R(tr(V f(Wa,O)(Wa - Wa,O))) +c

where c represents a constant, and f = 1/Amax(Hyw,))-
As the CM constraint makes |W,||% = 1, then (48) can be
simplified to

—2B87 ' R(tr(Wao — BVEW,0)TW,)) +e1 (49)
where the gradient is given by,
V(W) = 2W, o Wa oW, - WoWL,  (50)

and the Hessian is Hew,) = 2Wq oW
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