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Abstract—We consider a bistatic and a multistatic sensing
scenario, in which both the sensing transmitter and receiver(s)
are equipped with multiple antennas. Assuming perfect synchro-
nization among the transmitter and receiver(s), we address the
problem of estimating the Doppler frequency and the angle of
arrival of a passive object. The input to this estimation problem
is the received noisy sensing signals at multiple time instance(s),
while the output is the estimated angle of arrival and Doppler
frequency either at individual sensing nodes or at a hypothetical
centralized entity. In this rather general setting, we evaluate how
the estimation performance is affected by the system parameters
such as the number of receive access points and the available
time samples. Our numerical results show that the Cramér-Rao
lower bound of the estimated parameters inversely depends on
the number of time samples of the received echoes. We also
observe an even stronger inverse dependency on the number and
locations of the receiver access points within the region of interest,
indicating the advantages of adopting a distributed multiple-input
multiple-output architecture for sensing purposes.

Index Terms—Angle of Arrival Estimation, Cramér-Rao
bound, Integrated Sensing and Communication, Multistatic radar

I. INTRODUCTION

Radar technology emerged in the 1930s and has advanced
significantly, finding applications in civil and military sectors.
Various radar implementations have been proposed, such as
phased array radars, electronic steered arrays, and multiple-
input multiple-output (MIMO) radars [1]. These radar tech-
nologies share similarities with communication networks,
leading to the creation of the integrated sensing and com-
munication (ISAC) field [2], which aims to capitalize on
common modules and features between communication and
radar systems to merge the two technologies.

Both radar and ISAC networks can be implemented in
different ways in terms of network architecture: monostatic,
bistatic, or multistatic. In a monostatic architecture, the trans-
mitter (Tx) and receiver (Rx) nodes are assumed to be co-
located. In a bistatic architecture, the Tx and Rx nodes are no
longer co-located. In a multistatic architecture, multiple not-
co-located Tx and Rx nodes are present.

Sensing-related topics have gained significant attention in
industry and academia, particularly in the context of ISAC
networks. While there are numerous applications of sensing
in the radar field, two of particular interest to the ISAC field
are detection and target localization.

The detection, as the name suggests, consists in determining
whether a target is present within a specified region of interest.
Among the literature addressing this subject in the radar field,
we refer to [3]–[5]. Specifically in ISAC scenarios, recent

advances include reliable detection in the presence of clutters
[6]. Moreover, regarding the ISAC field we refer to [7]–[9].
The practical limitation of detection in both radar and ISAC
is that it cannot provide further information on the target’s
position, but only indicates the presence of a target within
a specific region of interest. Thus, an additional application
aligned with detection is needed to accurately determine the
position of the target.

The target localization can be achieved by using the time
of arrival (ToA), and angle of arrival (AoA), and Doppler
frequency measured from the echoes of a signal reflected by
the target. The information of AoA and the Doppler frequency
itself has proven to be an efficient approach for achieving
this goal. As expected, the accuracy of the estimation of
these parameters has motivated some works to propose new
estimation methods and improve the performance of existing
ones, among which we refer to [10]–[12]. Regarding the
accuracy of the estimation process, one important and useful
tool is the Cramér-Rao lower bound (CRLB) [13], which
provides a theoretical lower bound on the variance of any
unbiased estimator. This bound serves as a benchmark for
assessing the performance of estimation methods and provides
insights into how a system behaves under various scenarios.
In this context, we also refer to [1], [14] .

In this paper, under a line-of-sight (LOS) assumption, we
compare the performance of the joint estimation of the AoA
and Doppler frequency of a single moving target, adopting
both a bistatic and a multistatic architecture. The main contri-
butions of this work can be summarized as follows:

• We present a framework for handling multiple observa-
tions acquired by multiple Rx access points (APs) to
facilitate parameter estimation.

• We derive the analytical CRLB equations for both bistatic
and multistatic architectures. Additionally, we reformu-
late these equations for specific scenarios that have
proven to be useful in understanding the overall sys-
tem behavior, specially concerning sensing in distributed
multiple-input multiple-output (D-MIMO) systems.

• We numerically solve the maximum likelihood (ML)
estimator using the Newton-Raphson method to estimate
the set of unknown parameters. We utilize Monte Carlo
simulations to compare its variance against the CRLB.

The remainder of this paper is organized as follows: in
Section II, we offer a detailed description of the system model.
Section III is dedicated to deriving the CRLB equations,
starting from the bistatic architecture and extending to the
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multistatic one. Section IV presents numerical results for a
specified parameter setup. Finally, in Section V, we discuss
the conclusions drawn from this work.

II. SYSTEM MODEL

In this work, we consider a single moving target within
the region delimited by a sensing multistatic network. We
assume a single Tx AP, containing a uniform linear array
(ULA) with MT elements, which is assumed to be transmitting
pilots while steering its beams towards predefined directions
within a specific azimuth range. Moreover, we also assume
K Rx APs, each containing a ULA with MR elements, that
are supposed to receive the echoes of the transmitted pilots
reflected from the target. Furthermore, we assume that both
Tx and Rx APs are equally distributed within the border of a
circle of radius L as described in Figure 1. Additionally, these
APs are connected to a central processing unit (CPU), which
handles the sensing and processing tasks.

Figure 1: Picture of a specific system model setup containing 3 APs.

This paper relies on the LOS assumption between the
target and the APs, and it is also assumed that the AP-to-
AP interference was resolved on a prior stage in the absence
of the target. Therefore, we may describe the signal received
at the k-th Rx AP at the n-th time instant, as follows

yk[n] = µk[n] +w[n] ∈ CMR×1, (1)

such that,

µk[n] ≜ αke
−j2πfcτke−j2πfD,knTsar(θk)aT (ϕ)

T s[n], (2)

where αk stands for the square root of the received power
observed at the k-th Rx AP, fc stands for the carrier frequency,
fD,k stands for the bistatic Doppler shift observed at the k-th
Rx AP, Ts stands for the sampling period, ar(θk) ∈ CMR×1 is
the Rx steering vector defined in terms of the AoA regarding
the k-th Rx AP, aT (ϕ) ∈ CMT×1 is the Tx steering vector
defined in terms of the angle of departure (AoD), and s[n] ≜
f [n]x[n] ∈ CMT×1 where f [n] ∈ CMT×1 and x[n] are the
transmit beamforming vector and the transmitted symbol at
the n-th time instant, respectively. Additionally, we assume
that the time measurements are obtained within a coherence
block, such that {αk, θk, ϕ, τk, fD,k} can be assumed to be
quasi-constant, for all k.

III. CRAMÉR-RAO LOWER BOUND

Proposition 1. Assuming a bistatic network architecture, let
y0[n] ∈ CMR×1 be the reflected echo observed at the n-th

time instant. The CRLB equations for a given set of unknown
parameters {fD,0, θ0} can be analytically derived collecting
multiple time observations at the Rx-side, i.e,

y0 ≜ µ0 +w0 ∈ CNMR×1, (3)

such that, µ0 ≜
[
µ0[N ]T . . . µ0[1]

T
]T ∈ CNMR×1 is a

deterministic contribution accounting for the collected noise-
less received signals, and w0 ≜

[
w0[N ]T . . . w0[1]

T
]T ∈

CNMR×1 accounts for the collected noise contributions, given
that, [w0]i ∼ CN (0, σ2

w), with i = 1, . . . , NMR.

Proof. From (3), we can infer that the probability density func-
tion (PDF) of y0 is a non-zero mean complex Gaussian, i.e,
y0 ∼ CN (µ0, σ

2
wINMR

), given that the noise is Gaussian. We
may, therefore, calculate the CRLB from the fisher information
matrix (FIM) as it is described in Appendix A, which leads to

σ2
f̂D,0

≥ 1

2(2πTs)2

[∑N
n=1 n

2γ0[n]−
3(MR−1)

(∑N
n=1 nγ0[n]

)2

2(2MR−1)
(∑N

n=1 γ0[n]
)
] ,

(4)
and

σ2
θ̂0

≥ 1
1
3 (π cos θ0)2(2MR − 1)(MR − 1)

× 1[∑N
n=1 γ0[n]−

3(MR−1)
(∑N

n=1 nγ0[n]
)2

2(2MR−1)
(∑N

n=1 n
2γ0[n]

)
] , (5)

where, γ0[n] ≜ ∥µ0[n]∥
2

σ2
w

is the signal-to-noise ratio (SNR)
measured at the Rx AP at time instant n.

Proposition 2. Assuming a multistatic network architecture,
let yk[n] ∈ CMr×1 be the echo observed at the n-th time
instant, at the k-th Rx AP. If we use the local coordinate
system of one of those Rx APs as the reference coordinate
system of the APs network, we can derive the CRLB equations
for the set of unknown parameters associated with the target
at this coordinate system, {fD,r, θr}, by rewriting the set of
unknown parameters measured at the k-th Rx AP, {fD,k, θk},
as

fD,k = fD,r + φk,

θk = θr + ϑk,
(6)

for all k, and by additionally collecting multiple time obser-
vations from all of the Rx APs at a hypothetical CPU, i.e,

y ≜ µ+w ∈ CKNMR×1, (7)

such that, µ ≜
[
µT

0 . . . µT
r . . . µT

K−1

]T ∈ CKNMR×1

is a deterministic contribution accounting for the collected
noise-less received signals of all Rx AP, where µk ≜[
µk[N ]T . . . µk[1]

T
]T ∈ CNMR×1, for all k. Moreover,

w ≜
[
wT

0 . . . wT
r . . . wT

K−1

]T ∈ CKNMR×1 ac-
counts for the collected noise contributions, where wk ≜[
wk[N ]T . . . wk[1]

T
]T ∈ CNMR×1, for all k, given that

[w]i ∼ CN (0, σ2
w), with i = 1, . . . ,KNMR.

Proof. Similarly to what was observed in the bistatic scenario,
from (7) we can infer that the PDF of y is a non-zero mean
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σ2
f̂D,r

≥ 1

2(2πTs)2
1[∑K−1

k=0

∑N
n=1 n

2γk[n]−
3(MR−1)

(∑K−1
k=0 cos θk

∑N
n=1 nγk[n]

)2

2(2MR−1)
∑K−1

k=0 cos2 θk
∑N

n=1 γk[n]

] , (8)

σ2
θ̂r

≥ 1
1
3π

2(MR − 1)(2MR − 1)

1[∑K−1
k=0 cos2 θk

∑N
n=1 γk[n]−

3(MR−1)
(∑K−1

k=0 cos θk
∑N

n=1 nγk[n]
)2

2(2MR−1)
∑K−1

k=0

∑N
n=1 n2γk[n]

] . (9)

complex Gaussian, i.e, y ∼ CN (µ, σ2
wIKNMR

), given that the
noise is Gaussian. Thus, we can derive the analytical CRLB
expressions for the reference set of parameters according to
the development described in Appendix B, which leads to (8)
and (9). where γk[n] ≜

∥µk[n]∥
2

σ2
w

is the SNR measured at the
k-th Rx AP at time instant n. Moreover, it is evident that these
equations reduce to (4) and (5) for K = 1.

Observation 1. It is possible to use the individual estimates
obtained for each Rx AP to obtain the set of parameters for a
reference AP, but this is not within the scope of this work.

Upon obtaining the equations for the CRLB for both bistatic
and D-MIMO architectures, the next logical step in our
discussion is to compare their respective performances based
on these equations. However, this is not a trivial task as the
D-MIMO architecture equations display a strong dependence
on the AoAs observed at each Rx AP with regard to their local
coordinate system, as evidenced by (8) and (9).

A possible approach is to assume that the target is positioned
at the center of the considered circular region, which aligns
with the assumption of a circular radar-cross-section (RCS).
This approach, in turn, ensures that the bistatic path loss and,
consequently, the sensing SNR observed at each Rx AP would
be the same, γk[n] = γr[n]. Moreover, if we also assume that
the target and the Tx AP are on the x-axis and with a 0◦ angle
between them, it can be shown that(∑K−1

k=0 cos θk

)2

= 1,

K−1∑
k=0

cos θk
2 =

K

2
− 1

2
, (10)

which are valid for K > 2. Thus, we may rewrite (8) and (9)
as follows:

σ2
f̂D,r

≥ K − 1

4(2πTs)2

× 1[
K(K−1)

2

∑N
n=1 n

2γr[n]−
3(MR−1)

(∑N
n=1 nγr[n]

)2

2(2MR−1)
(∑N

n=1 γr[n]
)
] ,
(11)

and

σ2
θ̂r

≥ K
1
3π

2(2MR − 1)(MR − 1)

× 1[
K(K−1)

2

∑N
n=1 γr[n]−

3(MR−1)
(∑N

n=1 nγr[n]
)2

2(2MR−1)
(∑N

n=1 n
2γr[n]

)
] .

(12)
Based on the equations discussed above, it can be inferred that
an increase in the number of APs would lead to a reduction
in the variances obtained from the CRLB.

IV. NUMERICAL RESULTS

In this section, we present and detail some numerical results
that evaluate the asymptotic behavior of the CRLB for the
set of unknown parameters across predefined setups. In the
first set of results, we have fixed the position of the target
at the center of the circular region delimited by the APs.
Additionally, we evaluate the variance of an ML estimator
against the theoretical variance given by the CRLB.

A summary of the parameters’ setup used to generate these
results is presented in Table I.

Table I: Numerical results parameter setting.
Delimited region’s radius L [m] 150
Number of Rx APs [1, 3, 5, 9, 11]
Rx ULA length, MR 10
Tx ULA length, MT 10
Tx transmit power Ptx [dBm] 30
Noise Figure [dB] 9
Carrier frequency fc [GHz] 1.9
Bandwidth [MHz] 20
Sampling period Ts [µs] 0.71
Target speed v⃗ [km/h] 60
Target RCS [m2] π
Path loss Two-way radar equation (Bistatic)
Antenna elements radiation pattern 3GPP TR 38.901

We first compare the CRLBs by fixing the number of
Rx antennas at each AP for both bistatic and multistatic
architectures while increasing the available time samples of
the received echoes at each AP. From Figure 2a and Figure
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Figure 2: Numerical results in order to evaluate influence of the
available time samples over the CRLB.

2b, two observations must be discussed in further detail.
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First, one expects that the CRLB decreases as we increase
the available time samples, which is validated by the results.
Second, increasing the available Rx APs leads to a smaller
CRLB for both parameters. This result is consistent with
equations (11) and (12), and it can also be verified from Figure
3a and Figure 3b. These figures plot the CRLB curves, fixing
the number of available time samples to 400, while varying
the number of Rx APs.

It is worth noting that based on the curves presented in
Figure 2b and Figure 3b, the CRLB for the Doppler shift
decreases at a slower rate than the CRLB for AoA. This
phenomenon is due to the sampling period, which is a near-
zero value on the denominator of (11). As a result, the other
multiplicative term in the denominator of this equation must
be very large to produce a significant decrease in CRLB. It is
important to mention that varying the the position of the target
within the area delimited by the Rx APs can potentially give
rise to different values for the CRLB. However, it is reasonable
to assume that trend of the asymptotic behaviors with respect
to the number of antennas and time samples remains intact,
albeit with some scaling factors.

In the last set of numerical results, we applied the ML
estimator to jointly estimate the AoA and the Doppler fre-
quency using the Newton-Raphson method. We conducted
10000 Monte Carlo simulations while varying the available
time samples. For each set of time samples, we calculated the
variance of the ML estimator and plotted the results against
the theoretical CRLB. Due to computational limitations, we
considered the bistatic architecture with MR = MT = 2. As
it can be seen from Figure 4a and Figure 4b, the variance
of the ML estimator gets very close to that of the CRLB.
This not only confirms the accuracy of the CRLB equations
but also demonstrates that these equations provide a good
approximation for the asymptotic performance of parameter
estimation.
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Figure 3: Numerical results that illustrate the
influence of the number of Rx APs on the CRLB.
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Figure 4: Simulation in order to evaluate how close does the ML
estimator variance approaches the CRLB.

V. CONCLUSION

In this work, we discussed and evaluated the joint AoA
and Doppler frequency estimation for a single passive moving
target, assuming both bistatic and multistatic sensing scenar-
ios. We initially derived the CRLB equations for both network
architectures. Then, we gave special attention to the equations
derived for the multistatic architecture and studied two ideal
but beneficial use cases. We conducted numerical comparisons
to evaluate the estimation performance, comparing a multi-
static network with a bistatic one.

We studied the asymptotic behavior of the CRLB equations
while varying the number of Rx APs and the amount of
available time samples. Our numerical results indicate that
increasing these parameters improve the estimation perfor-
mance. However, they also show that the improvements tend
to saturate after a certain point. Furthermore, we compared
the empirical variance of ML estimation with the variance
provided by the CRLB, and our results indicate that the
behavior of this estimator is well represented by the closed-
form CRLB equations.

We plan to expand the development described in this work
to include ISAC networks in order to assess the impact of
communication on estimation performance. Additionally, we
are interested in exploring a multi-target scenario to understand
how the estimation performance would be affected as we
increase the number of passive targets in our system. Further-
more, we aim to relax the LOS assumption by considering
a multi-scatterer system to allow for refined modeling of the
propagation environment.

APPENDIX A
PROOF OF PROPOSITION 1

As previously mentioned, the observation vector described
in (3) is a Gaussian random vector. Keeping this fact in mind,
we may refer to [13], where the author presents a closed-form
equation to calculate the entries of the FIM for non-zero mean
Gaussian signals, in which given an observation vector y and a
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set of deterministic unknown parameters ξ, the matrix entries
are calculated as follows,

[I(ξ)]i,j = tr
[
C−1

y
∂Cy

∂ξi
C−1

y
∂Cy

∂ξj

]
+ 2Re

[
∂µH

y

∂ξi
C−1

y
∂µy

∂ξj

]
.

(13)

Moreover, if the covariance matrix of the observation vector
does not depend on the set of unknown parameters, (13) is
therefore reduced to

[I(ξ)]i,j = 2Re
[
∂µH

y

∂ξi
σ−2
w INMR

∂µy

∂ξj

]
. (14)

In this work, we assume that the unknown parameters are
ξ =

[
fD,0 θ0

]
. Furthermore, we have that µy = µ0 and

Cy = σ2
wINMR

. Therefore, it follows that,

∂[µy]i

∂fD,0
= j2πnTs[µ0]i, (15)

∂[µy]i

∂θ0
= jπp cos θ0[µ0]i, (16)

for i = 1, . . . , NMR. Thus, by substituting (15) in (13)

[I(ξ)]fD,0,fD,0
= 2(2πTs)

2
N−1∑
n=0

n2 ∥µ0[n]∥2

σ2
w

,

[I(ξ)]fD,0,θ0 =
(2π)2Ts cos θ0

2
(MR − 1)

N−1∑
n=0

n
∥µ0[n]∥2

σ2
w

,

[I(ξ)]θ0,θ0 =
(π cos θ0)

2(2MR − 1)(MR − 1)

3

N−1∑
n=0

∥µ0[n]∥2

σ2
w

.

We have used the fact that ∥µ0[n]∥2 = MR|α0a
T
T s[n]|2. Once

we have calculated the FIM, the CRLB is given by the inverse
of this matrix.

APPENDIX B
PROOF OF PROPOSITION 2

We refer to (13) to calculate the FIM since the observation
vector regarding the multistatic architecture is a non-zero mean
Complex Gaussian random vector. It should be noted that the
covariance matrix of the observation vector does not depend
on the set of unknown parameters

[
fD,r θr

]
. Thus, (13) is

reduced to (14), similar to what was observed for the bistatic
architecture.

Regarding the considered architecture, we have that µy = µ
and Cy = σ2

wIKNMR
. Moreover, the key idea here is to con-

sider the parameters concerning each Rx AP in their respective
local coordinate system as a function of the reference set of
parameters as described in (6). Thus, it follows that

∂[µy]i

∂fD,r
= j2πnTs[µr]i,

∂[µy]i

∂θr
= jπp cos θk[µy]i,

(17)

for i = r, . . . ,KNMR. Thus, by substituting (17) in (14) it
follows that,

[I(ξ)]fD,r,fD,r
= 2(2πTs)

2
K−1∑
k=r

N−1∑
n=r

n2 ∥µk[n]∥2

σ2
w

,

[I(ξ)]fD,r,θr =
(2π)2Ts

2
(MR − 1)

K−1∑
k=r

cos θk

N−1∑
n=r

n
∥µk[n]∥2

σ2
w

,

[I(ξ)]θr,θr =
π2(2MR − 1)(MR − 1)

3

K−1∑
k=r

cos2 θk

N−1∑
n=r

∥µk[n]∥2

σ2
w

.

where, ∥µk[n]∥2 = MR|αka
T
T s[n]|2. Thus, once we have

found the FIM for the set of unknown parameters, we may
calculate the CRLB by calculating the inverse of this matrix.
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