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Executive Summary 

The 6G-MUSICAL project is a research initiative tackling the core challenges of designing a next-generation 

6G network. It moves beyond traditional wireless communication, integrating radio sensing capabilities to 

unlock unprecedented levels of localization, sensing, and network flexibility. The project’s success hinges 

on a tightly coordinated, multi-disciplinary approach, with each Work Package contributing critical elements 

to a unified system. 

The project’s central goal is to develop a network capable of simultaneously performing radar-like sensing 

and transmitting/receiving data – a fundamental requirement for 6G. Achieving centimeter-level accuracy in 

positioning and sensing is a key focus, enabling applications like autonomous navigation, industrial 

automation, and enhanced security. The project will also explore a “cell-free” network topology, where users 

dynamically connect to multiple access points to form localised sensing networks, maximising coverage and 

adaptability. 

The project will consider ultra-precise timing techniques, utilising optical clock generation and distribution 

to achieve picosecond-level jitter – a critical enabler for multi-node sensing and communication. It will 

develop advanced signal processing algorithms, including joint waveforms, precoding techniques, and 

compressed sensing methods, to handle the complexities of dual-sensing and communication. The project is 

developing stable RF carrier generation systems and integrated optical/RF interfaces, minimising size, 

weight, and power consumption. 

Work Package 3, led by UCL, is particularly crucial, focusing on the signal processing aspects required for 

this dual-sensing and communication system. This work involves designing and implementing advanced 

algorithms to manage the simultaneous transmission and reception of both communication signals and radar 

data. Specifically, the project will investigate and define joint waveforms, optimised so that they can 

effectively operate in both communication and sensing modes. Furthermore, precoding techniques will be 

developed to shape the transmitted signals for optimal reception and minimising self-interference, a major 

challenge in dense sensor networks. Furthermore, the team is exploring compressed sensing methods to 

reduce data transmission requirements while maintaining positioning accuracy and investigating machine 

learning algorithms to control and adapt the system’s performance in real-time. 

Task 3.3, led by IT with UCL participation, focuses on the development and evaluation of compressed 

sensing techniques to enhance positioning and radar capabilities within the 6G-MUSICAL project. The 

objective is to improve accuracy and resolution in sensing scenarios where the number of targets is limited, 

addressing the constraints of traditional signal processing. This task investigates efficient data compression 

methods, utilising compressed sensing to reduce data transmission while keeping or improving sensing 

performance. A multi-static network architecture will be developed, enabling collaborative estimation of 

channel parameters and inference of context information (localisation, speed, object image, etc.). 

Task 3.4, led by eBOS with participation from ETL and IT, focuses on developing and implementing machine 

learning algorithms to enhance positioning accuracy and enable adaptive control of L1/L2 functions within 

the 6G-MUSICAL network. The objectives are threefold: to design and train algorithms that analyse radio-

sensing data and generate feedback control signals for communication and radio-sensing components, 

optimising resource allocation across network nodes. Secondly, it investigates the application of Gaussian 

processes for improved ranging and angle estimation in the presence of multipath propagation, incorporating 

prior information into positioning algorithms. Finally, it establishes a globally distributed repository for 

collecting and updating data, facilitating the development of data-driven designs and enabling continuous 

adaptation of algorithms developed in Tasks 3.3 and 3.4. 

This deliverable will provide an intermediate report on the development and integration of compressed 

sensing techniques and Machine Learning (ML) algorithms into the system architecture for positioning and 

adaptive L1/L2 control functions. The deliverable will present early results, including algorithmic designs, 

testing scenarios, and performance analysis, leading up to the final solution. 
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1 Introduction 

1.1 Scope  

This deliverable aims to report on the intermediate results of Tasks 3.3 and 3.4 of WP3. WP3 focuses on the 

signal processing aspects of dual-sensing and communication. In these two tasks, compressed sensing 

methods will be explored to reduce data transmission requirements while keeping positioning accuracy, and 

machine learning algorithms will be researched to control and adapt the system’s performance in real-time. 

In more detail, in T3.3, titled “Compressed Sensing for Positioning and Radar”, the focus is on the 

development and rigorous evaluation of compressed sensing techniques to augment positioning and radar 

functionalities within the 6G-MUSICAL project. The primary objective is to enhance accuracy and resolution 

in sensing scenarios characterised by a limited number of targets, thereby mitigating the limitations inherent 

in conventional signal processing methodologies. This task will investigate the application of efficient data 

compression methods, leveraging compressed sensing to minimize data transmission requirements while 

simultaneously maintaining or improving sensing performance. A multi-static network architecture will be 

considered, facilitating collaborative estimation of channel parameters and enabling the inference of 

contextual information, including localisation and velocity. 

On the other hand, in T3.4, titled “Machine Learning Algorithms for Positioning and Adaptive L1/L2 

Functions,” the focus is on the design, development, and integration of ML algorithms for adaptive L1/L2 

function control and positioning of connected objects. This task aims to enhance network efficiency by 

leveraging ML techniques to process data from radio-sensing components and improve positioning accuracy 

in complex environments. It also explores the development of a framework for enabling AI-driven 

communication and sensing, facilitating real-time model updates. 

Overall, this deliverable presents intermediate results, including algorithm development, testing, and 

performance analysis. 

1.2 Organisation of the Document 

This document is organised as follows:  

Section 2 outlines the exploration of Compressed Sensing (CS) as a solution to the data processing challenges 

within Widely Separated Multiple-Input-Multiple-Output (WS-MIMO) radar. It details existing approaches, 

such as matrix completion, and discusses their limitations, pointing to the future work of developing an off-

the-grid CS approach. 

Subsequently, Section 3 provides a detailed examination of the proposed Lifted Atomic Norm (LANM) 

algorithm, outlining its technical foundations – including the use of trigonometric polynomial theory and 

semidefinite relaxation – and its application within a bistatic Joint Communication And Sensing (JCAS) 

system, to ensure reliable radar sensing and communication functions, even in scenarios with significant 

interference.  

Moving into the realm of AI-driven communication and sensing, Section 4 introduces the core concept of an 

AI-driven resource allocation for 6G networks, centred around a Multi-Agent Reinforcement Learning 

(MARL) approach for dynamic resource allocation and precise User Equipment (UE) positioning.  

Section 5 introduces the KalmanNet, a novel neural network architecture, as a potential building block for 

AI-driven communication and sensing networks, specifically focusing on its application to target tracking 

and parameter estimation of moving objects. 

Finally, Section 6 focuses on the design of ML algorithms that can support the control of L1/L2 functions. It 

presents a framework for developing a repository, referred to as Model Zoo, specifically for integrated 

sensing and communications scenarios. 
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2 Compressed sensing for distributed MIMO radars 

2.1 Motivation and Objectives 

Multiple-Input Multiple-Output (MIMO) radar is a radar architecture that includes two primary 

configurations: WS-MIMO and collocated antennas [1]. In the WS-MIMO scenario, the transmitting 

antennas are placed far apart, each emitting orthogonal waveforms that travel along independent paths and 

probe the target scene from different spatial perspectives. As a result, each target is illuminated from multiple 

angles, enabling Radar Cross Section gain [1], an advantage that enhances detection and estimation 

performance [1]. Additionally, when coherent processing is employed, WS-MIMO radar can achieve a 

resolution that surpasses the classical limit imposed by the individual radar waveform bandwidth. However, 

the joint processing of received signals across multiple nodes typically requires transmitting a large volume 

of data to a centralized processing unit, which poses a major practical challenge, especially in distributed 

systems. 

To address this issue, CS has emerged as a promising technique [3]. CS enables accurate signal recovery 

from far fewer samples than those dictated by the Nyquist rate, provided that the signal is sparse in some 

known basis [3]. This recovery can be achieved using tractable optimization techniques such as ℓ₁-norm 

minimization, which are practical and efficient.  

The foundational result that a K-sparse signal of length N can be exactly recovered using only 𝒪(𝐾log(𝑁)) 

measurements [4][5] has inspired the application of CS to distributed MIMO radar systems to reduce the 

communication load to the fusion centre [2]. Most CS-based WS-MIMO radar formulations rely on 

discretizing the parameter space (e.g., target location, velocity) onto a fixed grid. However, since target 

parameters are inherently continuous, this discretization introduces gridding errors, which puts a ceiling in 

the estimation accuracy [3]. To mitigate this issue, off-grid or continuous-domain CS algorithms have been 

developed for radar applications [2]. Despite progress in this area, the application CS techniques with 

continuous dictionaries to WS-MIMO radar remains limited. To date, one of the few approaches that 

addresses this challenge is presented in [2], where a matrix completion framework is used to enable off-grid 

target recovery in a WS-MIMO setting. Specifically, matrix completion is first applied to the signal of each 

RX-TX pair, followed by a maximum likelihood estimator that extracts the optimal localization parameters 

from the completed matrices. 

2.2 System Model 

Consider a square-shaped region of interest with side length 𝐶 meters. Assume there are 𝐾 targets located 

within this region. Let (𝑥𝑘 , 𝑦𝑘) denote the initial Cartesian coordinates of the 𝑘-th target. Additionally, 

assume there are 𝑀𝑡 transmitters and 𝑀𝑟 receivers randomly placed outside the region of interest. Let (𝑥𝑖
𝑡 , 𝑦𝑖

𝑡) 

and (𝑥𝑙
𝑟, 𝑦𝑙

𝑟) denote the positions of the 𝑖-th transmitter and 𝑙-th receiver, respectively. 

The goal of the radar system is to estimate the 𝐾 state vectors [𝑥𝑘 , 𝑦𝑘], ∀ 𝑘 ∈ {1,… , 𝐾}. 

Assume that the signals transmitted by each transmitter are mutually orthogonal. Let 𝑥𝑖(𝑡) denote the 

baseband signal transmitted by the 𝑖-th transmitter. The baseband signal received at the 𝑙-th receiver, due to 

the transmission from the i-th transmitter, can be expressed as: 

 𝑧𝑖𝑙(𝑡) = ∑ 𝛽𝑖𝑙
𝑘𝐾

𝑘=1 𝑥𝑖 (𝑡 −
𝑑𝑘𝑖

𝑡 (𝑡)+𝑑𝑘𝑙
𝑟 (𝑡)

𝑐
) + 𝑛𝑖𝑙(𝑡) (1) 

being 𝛽𝑖𝑙
𝑘 the attenuation factor associated with the 𝑘-th target and the transmitter-receiver pair (𝑖, 𝑙), 𝑑

𝑘𝑖

𝑡

𝑟 (𝑡) 
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the Euclidean distances between the 𝑘-th target and the 𝑖-th transmitter or receiver and 𝑛𝑖𝑙(𝑡) the additive 

Gaussian noise. The distance terms are given by: 

 𝑑
𝑘𝑖

𝑡

𝑟 (𝑡) = √(𝑥
𝑖

𝑡

𝑟 − 𝑥𝑘 + 𝑣𝑥
𝑘𝑡)

2

    + (𝑦
𝑖

𝑡

𝑟 − 𝑦𝑘 + 𝑣𝑦
𝑘𝑡)

2

 (2) 

Note that the parameters to be estimated (e.g., target positions) are continuous. However, most conventional 

CS techniques require discretization. Let us discretize the region into 𝑁 grid points [𝑥𝑛, 𝑦𝑛], ∀ 𝑛 =  1, … ,𝑁. 

With this discretization, the received signal can be reformulated as 

 𝑧𝑖𝑙(𝑡) = ∑ 𝑠𝑖𝑙𝑛𝑥𝑖(𝑡 − 𝜏𝑖𝑙𝑛)𝑁
𝑛=1 + 𝑛𝑖𝑙(𝑡) (3) 

where 𝜏𝑖𝑙𝑛  =
𝑑𝑖𝑘

𝑡  + 𝑑𝑘𝑙
𝑟

𝑐
 is the propagation delay from the 𝑖-th transmitter to the 𝑙-th receiver via the 𝑛-th grid 

point and 𝑠𝑖𝑙𝑛models the state of n-th grid, i.e., 𝑠𝑖𝑙𝑛  = 𝛽𝑖𝑙
𝑘 if a target is located in the 𝑛-th grid cell, and zero 

otherwise. 

The received signal is sampled with a sampling period 𝑇𝑠, yielding a discrete-time vector 𝒛𝒊𝒍 =

[𝑧𝑖𝑙(0), 𝑧𝑖𝑙(𝑇𝑠), … , 𝑧𝑖𝑙((𝑁 − 1)𝑇𝑠)]
𝑇
. Let us define the basis matrix for the (𝑖, 𝑙)-th transmitter-receiver pair 

as 𝚿𝑖𝑙 = [𝚿𝑖𝑙
1 , … ,𝚿𝑖𝑙

𝑁]
𝑇
where 

 𝚿𝑖𝑙
𝑛 = [𝑥(0𝑇𝑠 − 𝜏𝑖𝑙𝑛), 𝑥(𝑇𝑠 − 𝜏𝑖𝑙𝑛),… , 𝑥 ((𝐿 − 1)𝑇𝑠 − 𝜏𝑖𝑙𝑛)]

𝑇
. (4) 

Stacking the basis matrices for all transmitter-receiver pairs, leads to the overall basis matrix 𝚿 ≜

diag{[Ψ11, … ,Ψ𝑀𝑡𝑀𝑟
]}. Likewise, stacking the received signal vectors follows 𝒛 = [(𝑧11)

𝑇 , … , (𝑧𝑀𝑡𝑀𝑟
)
𝑇
]
𝑇
. 

This allows to express the system model in the compact linear form 

 𝐳 = 𝚿𝐬 + 𝐧 (5) 

where 𝒔 = [𝒔11, … , 𝒔𝑀𝑡𝑀𝑟
] and 𝒔𝑖𝑙 = [𝑠𝑖𝑙1 , … , 𝑠𝑖𝑙𝑁]. Since 𝒔𝑖𝑙 has non-zero values only in entries where there 

are no users, the vector 𝑠 is sparse and CS techniques can be used to do its reconstruction from z. 

2.3 Algorithm Description 

2.3.1 Lasso Minimisation 

Based on the previously described sparse model, the sparse representation of s can be obtained by formulating 

a Lasso-constrained minimization problem: 

 argmin
s

‖𝚽(𝒛 − 𝚿𝒔)‖2
2 + 𝜆‖𝒔‖1 (6) 

where 𝚽 is the measurement matrix and 𝜆 is a regularization parameter that controls the trade-off between 

reconstruction accuracy and sparsity of 𝒔. For more information on how to calculate the measurement matrix 

see [5]. 

However, this approach does not exploit the underlying structure of the problem. In particular, if a target is 

present in the n-th range-Doppler bin, then 𝑠𝑖𝑙𝑛 ≠ 0  for all transmit-receive (Tx-Rx) pairs. This structural 

information is not enforced in the standard Lasso formulation, which motivates the use of the Group Lasso 

approach. 

2.3.2 Group Lasso Minimisation 

To enforce the expected joint sparsity structure, we reformulate the problem by grouping the coefficients 
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corresponding to the same bin across all Tx-Rx pairs 𝒔𝑛 = [𝑠11
𝑛 , … , 𝑠𝑀𝑡𝑀𝑟

𝑛 ],  

The Group Lasso minimization problem can then be written as: 

 Argmin
𝒔

‖𝚽(𝒛 − 𝚿𝒔)‖2
2 + 𝜆 ∑ ‖𝒔𝑛‖2𝑁

𝑛=1   (7) 

where each group sⁿ corresponds to all Tx-Rx coefficients associated with the n-th bin. 

This formulation encourages entire groups to be either zero or non-zero, depending on whether a target is 

present. In other words, it promotes inter-group sparsity, which matches the physical structure of the 

problem, justifying the name Group Lasso. 

2.3.3 Reduced ℓ₁ Minimisation 

An alternative strategy involves reducing the dimensionality of the problem by defining a global basis matrix 

 𝚿′ ≜ [𝚿11, … ,𝚿𝑀𝑡𝑀𝑟
] (8) 

which allows us to reformulate the optimization as a lower-dimensional ℓ₁ minimisation problem 

 argmin
𝐬

‖𝚽(𝒛 − 𝚿′𝒔′)‖2
2 + 𝜆‖𝒔′‖1 (9) 

where 𝒔′ is a sparse vector of size 𝑁, rather than the original vector s, which has size 𝑀𝑟𝑀𝑡𝑁. This approach 

reduces computational complexity while still enforcing sparsity in the solution. However, like the previously 

described methods, its accuracy is constrained by the granularity of the discretized grid. 

 

Figure 1: Full ℓ1 minimisation algorithm outcome 

2.4 Results 

In this section, we present the performance of the previously described CS schemes based on discrete 

dictionaries. We also highlight key insights that should be considered when designing new CS algorithms. 

The results presented here consider a scenario with one transmitter, three receivers, and two targets 
(𝑀𝑡 = 1,𝑀𝑟 = 3,𝐾 = 2). The objective is to estimate the positions of the two targets within a square region 

measuring 1000 meters per side. The transmitter is located at (50,500), while the three receivers are 

positioned at (500,−250), (1250,500), and (1500,1250). 
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Figure 1 shows the outcome obtained using the standard ℓ1 minimisation approach. While this method 

produces a sparse solution, it lacks accuracy. The primary reason for this is that the formulation does not 

sufficiently constrain the problem to yield a correct solution. It fails to encode the key insight that the support 

𝒔𝒊𝒋 associated with each TX–RX pair must agree in their non-zero entries. 

 

Figure 2: Group Lasso algorithm outcome. 

This structural constraint is explicitly incorporated in the group Lasso, see Figure 2, and reduced ℓ1, see 

Figure 3, formulations, which explains their superior performance. However, their resolution is inherently 

limited by the granularity of the spatial grid, which can be refined at the expense of increased computational 

complexity. 

Therefore, it is crucial to develop CS techniques that can operate with continuous dictionaries and better 

exploit the structural properties of the underlying localisation problem. 

 

Figure 3: Reduced ℓ1 minimisation algorithm outcome 
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2.5 Future work 

Building on these results, the objective is to develop a novel CS algorithm for WS-MIMO radar that operates 

over a continuous dictionary and fully exploits the structure of the underlying solution to improve 

performance. To date, the only method that operates over a continuous dictionary is presented in [2]. 

However, in that approach, matrix completion is performed independently for each TX-RX pair, failing to 

capture the global structure of the problem, this structure is only leveraged in the subsequent estimation step. 

Therefore, the aim, as future work, is to design an algorithm that incorporates global system information at 

every stage. 



D3.3 “Compressed Sensing and ML-Based 
Techniques for Positioning and L1/L2 Control” 

Page 16 of 64 

6G-MUSICAL, Horizon No. 101139176 

 

 

3 JCAS Super-Resolution Receiver via Lifted Atomic Norm 

Minimisation 

3.1 Motivation and Objectives 

In recent years, there has been a significant interest in addressing the challenge of communication and radar 

spectrum sharing (CRSS) [6]. In general, CRSS research is divided into two main directions, radar-

communication coexistence and JCAS system designs [7][8]. First focuses on developing effective 

interference management techniques using a control centre to coordinate two functions without causing 

unwanted interference [9][10][11]. JCAS techniques [12][13], however, concentrate on creating integrated 

systems capable of simultaneous performance of both wireless communication and remote sensing without 

the need of a control centre. JCAS design offers advantages in both sensing and signalling operations through 

real-time cooperation. This line of work has been expanded to various innovative applications, such as 

vehicular networks, indoor positioning, and covert communications [14][15][16][17]. 

JCAS systems aim to unify the operations of sensing and communication, seeking not only mutual 

performance enhancements but also a deeper integration paradigm where these functions are co-designed 

rather than perceived as distinct end-goals [18][19]. JCAS significantly enhances spectral and energy 

efficiencies while simultaneously reducing hardware and signalling costs [20][21]. This is because of the fact 

that in the JCAS systems both sensing and communication operations are done with a unified system, in 

contrast with conventional communication and radar systems that exploit various resources. 

 

Figure 4: System model 

The difficult challenge in JCAS reception is that both the transmit signals and the radar response and 

communication channels are not known, which makes classical communications-only and radar-only 

approaches inapplicable. The main goal of JCAS receiver design is to concurrently estimate both the target 

parameters and the communication data of a remotely located transmitter from the echo signals reflected off 

the targets [6]. Accordingly, traditional approaches need to be adapted towards this goal.  In terms of radar-

only approaches, various methods have been proposed for traditional direction of arrival (DOA) estimation, 

including multiple signal classification (MUSIC) [22] and estimating signal parameters via rotational 

invariance techniques (ESPRIT) [23]. These methods utilize noise and signal subspaces, respectively. 

However, in highly correlated or coherent target scenarios, the performance of subspace decomposition 
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methods is significantly diminished. These methods require prior knowledge of the number of targets, which 

is difficult to determine in advance in practice. Additionally, the performance of subspace decomposition 

methods is highly degraded in the presence of noise jamming. Pioneered by [24], CS emerged as a promising 

approach to solve the classical DOAs problem, reducing implementation complexity and improving detection 

resolution by utilizing the signal sparsity in the spatial domain. In [25][26], the authors demonstrated that 

random antenna arrays can achieve nearly identical performance compared to the unitary linear array 

implementation. However, the main assumption of CS for the DOA problem is that the DOAs are located on 

a fine grid, which contradicts practical scenarios where DOAs can be anywhere in the target area. Thus, a 

mismatch between inherent and estimated DOAs is undeniable, leading to a significant reduction in 

reconstruction performance [27]. 

To address the aforementioned basis mismatch, a novel off-the-grid CS approach, known as atomic norm 

minimization (ANM), has been developed to promote the sparsity of signals within a continuous dictionary 

[28][29]. More precisely, the ANM can be considered as a continuous version of the ℓ1 norm minimization, 

which is able to minimize the number of atoms required for the construction of the signal of interest over a 

continuous dictionary [30]. This method has found application in various communication and signal 

processing problems, including MIMO radar [31], line spectral estimation [32], the elimination of impulsive 

noise in orthogonal frequency division multiplexing (OFDM) systems [33], and super-resolution problem 

[29]. For instance, in [31], the authors employed ANM to estimate the spatial characteristics of radar channels 

in a continuous domain, demonstrating its superior performance compared to conventional estimators. The 

ANM in [34] has been used to recover the continuous delay-Doppler pairs and corresponding attenuation 

factors under some mild minimum separation constraints. The work in [35] also showed that the ANM can 

be used to detect the continuous angle-delay-Doppler triplets and the corresponding attenuation factors.  

On the other hand, a lifted technique has been exploited for blind detection in the super-resolution problem, 

where simultaneous estimation of both the sparse spikes in signals and the point spread function (PSF) is 

required [36], which is particularly relevant in fields like radar, sonar, and communications. By leveraging 

atomic norm minimization and lifting techniques, the authors in [36] provided performance guarantees under 

certain assumptions about the signal and the PSF. However, the method is limited to solving the one-

dimensional problem and can only be applied to estimate delays. This makes it suitable for specific 

applications like radar and communication problems where delay estimation is critical, but not for more 

practical scenarios such as MIMO systems. The authors in [37] solved the blind super-resolution problem 

when the received signal is contaminated with additive white Gaussian noise (AWGN). In [9], the authors 

used the LANM to distinguish the pulse radar signal from communication messages at the same bandwidth, 

in the context of communications-radar spectrum co-existence. From a communication perspective, 

accurately estimating the transmit signal is crucial for decoding digital messages. 

Consider a bistatic radar scenario where two access points are located at different positions compared to the 

expected target distance, as illustrated in Figure 4. The first access point transmits signals, and the second 

one receives echoes from 𝐾 targets. The problem is to simultaneously detect the parameters of the targets 

and estimate the transmitted signals carrying communication data. Generally speaking, this is a bilinear 

problem, which is challenging to solve. Traditionally, it is commonly assumed that there is a link for 

exchanging reference signaling between the transmitter and receiver or pilot signals, significantly wasting 

bandwidth. The estimated signal might contain demodulation errors, leading to a significant reduction in 

estimation performance [38]. Moreover, a physical obstruction might block the radio waves from the 

transmitter to the receiver, consequently, the direct link might not be available. 

This chapter addresses the channel estimation problem in the JCAS systems, where both the transmitted 

signal and the radar channel are estimated simultaneously. The only prior information about the channel is 

its sparsity, which is a practical assumption since the number of targets is typically much smaller than the 
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number of observations. While the work in [36] addressed the super-resolution problem for off-the-grid 

points, our approach utilizes LANM within the context of JCAS systems in a MIMO setting to concurrently 

estimate four parameters, delay, Doppler shift, angle of arrival (AoA), and angle of departure. This approach 

is particularly significant for JCAS systems in 5G and beyond, as it enhances the capability to manage 

complex, multi-dimensional environments using multiple antennas systems. Initially, we assume that the 

transmitted signals lie on a low-dimensional random dictionary, known by both the transmitter and receiver. 

Subsequently, we convert the received signal into a sparse combination of low-rank matrices, facilitating the 

identification of the minimum number of low-rank matrices in the form of LANM. We propose the dual of 

LANM to construct the dual certificate, proving that our proposed problem can have an exact solution when 

the number of observations is proportional to the degrees of freedom and under certain mild conditions on 

the minimum separation of the targets. Although the proposed dual problem is convex, it requires an infinite-

dimensional search over the delay-Doppler and angular domains. To tackle this issue, we leverage the results 

of the trigonometric polynomial theory (TPT) [39] to develop linear matrix inequalities in terms of 

semidefinite relaxation (SDR). To address the computational complexity of this problem, we adopt the 

alternating direction method of multipliers (ADMM) framework. We then generalize our problem for 

practical scenarios where the received signal is contaminated by AWGN noise and jammer signals. Then, we 

investigate the computational complexity of the proposed estimator and show that it is equivalent to the pilot-

aided ANM. This demonstrates that our approach can be applied to JCAS systems with the same 

implementation cost as the pilot-aided scenario.  Though we consider AWGN and jammer interference in 

our work, we acknowledge that other forms of non-Gaussian noise, such as impulsive noise, may also be 

present in practical environments. To address this, one could extend our framework using [29], where an 

additional ℓ1-norm regularization term is added to the objective function to promote the sparse structure of 

impulsive noise. Finally, we conduct numerical simulations to evaluate the performance of our approach 

against state-of-the-art methods. 

It is worth mentioning that the proposed estimator paves the way for utilizing JCAS systems in future wireless 

applications, such as urban rail systems and autonomous vehicles because it can simultaneously estimate 

multiple targets and communication symbols in noisy and jammer environments [18]. In urban rail systems, 

radar sensing is important to localize obstacles, monitor the positions of trains, and prevent collisions. 

However, due to the urban layout, the radar signals often experience heavy interference, which can reduce 

the radar performance. The proposed estimator addresses these challenges by an accurate estimation of radar 

channel and transmit signal for the multiple targets, noisy, and jammer scenarios. Also, our technique can be 

used for autonomous vehicles where the JCAS estimator ensures reliable radar sensing for detecting 

pedestrians, other vehicles, and road conditions [18]. It also supports communication functions such as 

vehicle-to-vehicle and vehicle-to-infrastructure, even in environments with significant interference such as 

jammer.  

3.2 System Model 

As shown in Figure 4, an JCAS system with an 𝑁𝑡-antenna transmitter and an 𝑁𝑟-antenna receiver with 𝐾 

targets, constrained on 𝐾 < 𝑁𝑡 is considered. From Section 3.5 onwards, we further consider 𝑅 jammers that 

interfere with the JCAS signal. We assume that the targets are located at the far field of the arrays. The 

transmit and receive antennas are assumed to be uniformly spaced with inter-element distances λ/2, 

respectively, where 𝜆 is the wavelength of the electromagnetic wave. This leads to a uniformly spaced virtual 

array with 𝑁𝑡𝑁𝑟 elements, which is the maximum number of achievable virtual antennas. The baseband 

received signal 𝑦𝑟(𝑡) by 𝑁𝑟 antennas 𝑟 = {0,⋯ ,𝑁𝑟 − 1} at the time index 𝑡 consists of the sum of the 

reflected signal from the targets of the transmitted probing signals, 𝑥𝑘(𝑡), 𝑘 = {0,⋯ ,𝐾 − 1}, which can be 

given by  
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 𝑦𝑟(𝑡) = ∑𝐾−1
𝑘=0 ∑𝑁𝑡−1

𝑠=0 𝛼𝑘𝑒𝑖2𝜋𝑟𝑁𝑡𝜙𝑘𝑒𝑖2𝜋𝑠𝜃𝑘𝑥𝑘(𝑡 − 𝜏̅𝑘)𝑒𝑖2𝜋𝑣̅𝑘𝑡 , (10) 

where 𝑖 = √−1, 𝛼𝑘 = |𝛼𝑘|𝑒𝑖2𝜋𝜃𝑘
𝛼

∈ ℂ is the complex attenuation factor, representing the effects of both the 

radar path-loss and cross-section for the 𝑘-th target, 𝜃𝑘 = −
sin(𝜃̃𝑘)

2
, 𝜙𝑘 = −

sin(𝜙̃𝑘)

2
∈ [0,1] are angle of 

departure (AoD) and AoA of the 𝑘-th target, respectively, as shown in Figure 4. The term 𝑁𝑡 appears in the 

exponent as a result of constructing the virtual array, where the total phase offset is indexed as 𝑚 = 𝑟𝑁𝑡 + 𝑛. 

This models the virtual array of size 𝑁𝑡𝑁𝑟, with spacing and phase contributions from both transmit and 

receive antennas. 𝜏̅𝑘 and 𝑣̅𝑘 are the delay and Doppler shifts corresponding to the 𝑘-th target, respectively. 

The parameters 𝜃𝑘 , 𝜙𝑘 , 𝜏̅𝑘 , 𝑣̅𝑘 can be translated to the angle, distance, and velocity of the 𝑘-th target relative 

to the radar. The aim of JCAS receiver design is to recover the parameters 𝛼𝑘 , 𝜃𝑘 , 𝜙𝑘 , 𝜏̅𝑘 , 𝑣̅𝑘 from the received 

signal 𝑦𝑟(𝑡), 𝑟 = {0,⋯ ,𝑁𝑟 − 1} and estimate the information-carrying probing signals 𝑥𝑘(𝑡). Note that there 

is no direct transmitter-receiver links assumed in traditional works. This link that can carry pilot signals, 

significantly waste bandwidth and causing demodulation error [38]. In addition, a physical obstruction and 

building might block the direct path. We assume that the transmit signal is band- and time- limited to be able 

to sample the received signal over finite indices. Let us assume that the probing signal 𝑥𝑘(𝑡) has bandwidth 

𝐵 and contains a time interval proportional to 𝑇. According to (10), one can understand that the band and 

time limitation assumptions on the probing signal imply that the received signal is band- and approximately 

time-limited, meaning that the delay-Doppler pairs are compactly supported. Thus, we can assume that the 

received signal is observed over the interval [0, 𝑇𝑡) and (𝜏̅𝑘 , 𝑣̅𝑘) ∈ [0, 𝑇𝑡] × [0, 𝐵]. Building on the fact that 

the received signal 𝑦𝑟(𝑡) is band-limited and approximately time-limited, we sample the received signals 

𝑦𝑟(𝑡) over the interval [0, 𝑇𝑡] at rate 
1

𝐵
, and collect the samples in a vector 𝐲𝑟 ∈ ℂ𝐿̅ , 𝐿̅: = 𝐵𝑇, i.e., the 𝑝-th 

entry of 𝐲𝑟 is [𝐲𝑟]𝑝: = 𝑦𝑟(
𝑝

𝐵
), for 𝑝 = {−𝑁, ⋯ ,𝑁}, 𝑁 =

𝐿̅−1

2
, which can be given by  

 
[𝐲𝑟]𝑝 =

1

𝐿̅
∑𝐾−1

𝑘=0 ∑𝑁𝑡−1
𝑠=0 |𝛼𝑘|𝑒𝑖2𝜋𝑟𝑁𝑡𝜙𝑘𝑒𝑖2𝜋(𝑠𝜃𝑘+𝜃𝑘

𝛼)

= ∑𝑁
𝑟=−𝑁 [(∑𝑁

𝑙=−𝑁 𝑥𝑘(𝑙)𝑒−𝑖2𝜋
𝑟𝑙

𝐿̅ )𝑒−𝑖2𝜋𝑝𝜏𝑘]𝑒𝑖2𝜋
𝑟𝑝

𝐿̅ )𝑒𝑖2𝜋𝑣𝑝
 (11) 

where 𝜏𝑘:=
𝜏̅𝑘

𝑇
 and 𝑣𝑘:=

𝑣̅𝑘

𝐵
 are the normalized time- and frequency shifts, respectively, thus (𝜏𝑘 , 𝑣𝑘) ∈

[0,1) × [0,1). Note that for obtaining (11), it requires to first take Fourier transform, modulate the frequency, 

and take the inverse Fourier transform, which is a common approach for a continuous time-shift 𝜏𝑘 , 𝑣𝑘 , ∈

[0,1)2 using the discrete probing signal 𝐱𝑘 = [𝑥𝑘(−𝑁),⋯ , 𝑥𝑘(𝑁)]𝑇. The problem is now to identify the 

locations of the targets, which requires to estimate the parameters 𝛼𝑘, (𝜃𝑘 , 𝜙𝑘, 𝜏𝑘 , 𝑣𝑘) ∈ [0,1)4, and 

simultaneously estimate probing signal 𝐱𝑘, 𝑘 = {0,⋯ ,𝐾 − 1} that contains communication information, 

from the observation model in (11). 

The order of unknown parameters of (11) is 𝒪(𝐿̅𝐾), which is much greater than the number of observations. 

Thus, the recovery problem is hopelessly ill-posed. To tackle this issue, we assume that the probing signals 

𝐱𝑘 ∈ ℂ𝐿̅×1, 𝐱𝑘:= [𝑥𝑘(−𝑁),⋯ , 𝑥𝑘(𝑁)]𝑇 , 𝑘 = {0,⋯ ,𝐾 − 1} lie on a known low-dimensional subspace 

defined by the known matrix 𝐃 ∈ ℂ𝐿̅×𝑇 with 𝑇 ≪ 𝐿̅. Then, we can write 𝑥𝑘 = 𝐃𝐡𝑘 and 𝑥𝑘(𝑙) = 𝐝𝑙
𝐻𝐡𝑘, where 

𝐡𝑘 ∈ ℂ𝑇×1, ∀𝑘 is the unknown orientation vector that carries communication data while 𝐝𝑙 ∈ ℂ𝑇×1 is the 𝑙-

th column of 𝐃𝐻, i.e, 𝐃:= [𝐝−𝑁, ⋯ , 𝐝𝑁]𝐻. Without loss of generality, we assume that ∥ 𝐡𝑘 ∥2= 1 for all 𝑘. 

Note that recovering 𝐱𝑘 is equivalent to estimating 𝐡𝑘 since 𝐃 is known by both the transmitter and receiver. 

Now let us define 𝐲 = [𝐲0,⋯ , 𝐲𝑁𝑟−1]
𝑇, 𝛕𝑘:= [𝜃𝑘 , 𝜙𝑘, 𝜏𝑘 , 𝑣𝑘]𝑇 and 𝐚(𝛕𝑘) such that  

 [𝐚(𝛕𝑘)](𝑟,𝑠,𝑙,𝑘,1) = 𝑒𝑖2𝜋𝑟𝑁𝑡𝜙𝑘𝑒𝑖2𝜋(𝑠𝜃𝑘+𝜃𝑘
𝛼)𝐷𝑁(

𝑙

𝐿
− 𝜏𝑘)𝐷𝑁(

𝑟

𝐿
− 𝑣𝑘),  
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 𝑠 ∈ {0,⋯ ,𝑁𝑡 − 1}, 𝑟 ∈ {0,⋯ ,𝑁𝑟 − 1}, 𝑙, 𝑘 ∈ {−𝑁,⋯ ,𝑁}, (12) 

where 𝐷𝑁(𝑡) is the Dirichlet kernel defined by 𝐷𝑁(𝑡):=
1

𝐿̅
∑𝑁

𝑚=−𝑁 𝑒𝑖2𝜋𝑡𝑚. Let us consider set 𝒥 which 

considers all elements of 𝑠, 𝑟, 𝑙, 𝑘 such that 𝑗 = {1,⋯ , 𝐿} where 𝐿:= 𝐿̅𝑁𝑟. Starting from (2), upon using (3), 

and setting 𝑥𝑘(𝑙) = 𝐝𝑙
𝐻𝐡𝑘, we can write  

 [𝐲]𝑗 = ∑𝐾−1
𝑘=0 |𝛼𝑘|[𝐚(𝛕𝑘)](𝑟,𝑠,𝑙,𝑘,1)𝐝(𝑗−𝑙)

𝐻 𝐡𝑘𝑒
𝑖2𝜋

𝑝𝑟

𝐿 . (13) 

We now rewrite (11) in a matrix-vector form. To do so, we first define  

 [𝐃̃𝑗]((𝑘,𝑙),1→𝐾) = 𝑒𝑖2𝜋
𝑝𝑟

𝐿 𝐝𝑗−𝑙
𝐻 , 𝑘, 𝑙 ∈ {−𝑁,⋯ ,𝑁}. (14) 

Building on the above definitions, we can write  

 [𝐲]𝑗 = ∑𝐾−1
𝑘=0 |𝛼𝑘|𝐚(𝛕𝑘)

𝐻𝐃̃𝑗𝐡𝑘 = Tr(𝐃̃𝑗𝐔) = ⟨𝐔, 𝐃̃𝑗
𝐻⟩, (15) 

where 𝐔 = ∑𝐾−1
𝑘=0 |𝛼𝑘|𝐡𝑘𝐚(𝛕𝑘)

𝐻. Let us define the linear operator 𝒳:ℂ𝐾×𝐿2
→ ℂ𝐿 as  

 [𝒳(𝐔)]𝑗 = Tr(𝐃̃𝑗𝐔), 𝑗 ∈ {1,⋯ , 𝐿}, (16) 

and its adjoint as  

 𝒳⋆(𝐪) = ∑𝐿
𝑗=1 [𝐪]𝑗𝐃̃𝑗

𝐻 , 𝐪 ∈ ℂ𝐿×1. (17) 

Then, we can write  

 𝐲 = 𝒳(𝐔). (18) 

Equation (18) implies that recovering the unknowns must be done using 𝐔. It is worth noting that 𝐔 is a 

sparse linear combination of multiple matrices over the following set of atoms  

 𝒜 = {𝐯𝐚(𝛕)𝐻|𝛕 ∈ [0,1)4, ∥ 𝐯 ∥2= 1}. (19) 

We now define the atomic norm of matrix 𝐔 as a gauge function corresponding to the convex hull of 𝒜, 

conv(𝒜), as below  

 

∥ 𝐔 ∥𝒜 = inf {𝑡 > 0:𝐔 ∈ 𝑡conv(𝒜)},

= inf
𝛕𝑘∈[0,1)4,𝐯𝑘∈ℂ𝑁,∥𝐯𝑘∥2=1

{∑𝑘 𝛼𝑘|

𝐔 = ∑𝐾−1
𝑘=0 𝛼𝑘𝐡𝑘𝐚(𝛕𝑘)

𝐻 , 𝛼𝑘 ≥ 0}.

 (20) 

To estimate 𝒳(𝐔) from (18), we propose the following LANM subject to the observation constraint as  

 min
𝐔

∥ 𝐔 ∥𝒜 , s. t.  𝐲 = 𝒳(𝐔). (21) 

It is tough to solve (21) because the primal variable is infinite-dimensional over 𝛕 ∈ [0,1)4. To tackle this 

issue, we use the dual technique. To do so, we first write the Lagrangian function for a dual variable 𝐪 ∈ ℂ𝑀 

associated with the equality constraint 𝐲 = 𝒳(𝐔) as below  
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 ℒ(𝐔, 𝐪) =∥ 𝐔 ∥𝒜+ ⟨𝐪, 𝐲 − 𝒳(𝐔)⟩  

 =∥ 𝐔 ∥𝒜+ ⟨𝐪, 𝐲⟩ − ⟨𝐪,𝒳(𝐔)⟩. (22) 

To find the dual function, we minimize the Lagrangian with respect to 𝐔. The term ⟨𝐪,𝒳(𝐔)⟩ can be written 

as ⟨𝒳⋆(𝐪),𝐔⟩, where 𝒳⋆(𝐪) is the adjoint operator of 𝒳. Therefore, the dual function can be given by:  

 𝑔(𝐪) = inf
𝐔

(∥ 𝐔 ∥𝒜− ⟨𝒳⋆(𝐪),𝐔⟩) + ⟨𝐪, 𝐲⟩. (23) 

Using the fact that the infimum of the first term is zero when ∥ 𝒳⋆(𝐪) ∥𝒜
⋆ ≤ 1 and is −∞ otherwise, we obtain 

the dual problem as:  

 max
𝐪

 ⟨𝐪, 𝐲〉ℝ, s. t.  ∥ 𝒳⋆(𝐪) ∥𝒜
⋆ ≤ 1, (24) 

where ∥⋅∥𝒜
⋆  is the dual of lifted atomic norm. In the next section, we provide the main results of this chapter. 

3.3 Conditions of Solvability of the LANM Problem 

We first introduce the main assumptions of chapter, then, we propose our main theorem. 

Assumption 1:  

We assume that the columns of 𝑫𝐻, i.e., 𝒅𝑙 ∈ ℂ𝑇×1, are independently and identically selected from a 

population ℱ which satisfies the following isotropy and incoherence properties, respectively, 

 
𝔼[𝐝𝑙𝐝𝑙

𝐻] = 𝐈𝑇 , 𝑙 = {−𝑁,⋯ ,𝑁} ,

max|𝑑(𝑖)|2 ≤ 𝜇,
 (25) 

where 𝜇 is the coherence parameter and 𝑰𝑇 is an identical matrix with size 𝑇 × 𝑇. Moreover, we assume that 

𝜇𝑇 ≥ 1, for ease of theoretical analysis. This can be always ensured by selecting 𝜇 sufficiently large.  

Assumption 2: 

We assume that the element vectors 𝒉𝑘 for all 𝑘 are randomly selected over the complex unit sphere, i.e., 

∥ 𝒉𝑘 ∥2= 1.  

Assumption 3: 

The radar parameters, (𝜏𝑘 , 𝑣𝑘 , 𝜃𝑘, 𝜙𝑘), 𝑘 = 1,⋯ , 𝑘, require satisfying the following separation conditions  

 𝑚𝑖𝑛
∀𝑘.𝑘′,𝑘≠𝑘′

max (|𝜏𝑘 − 𝜏𝑘′|, |𝑣𝑘 − 𝑣𝑘′|, |𝜃𝑘 − 𝜃𝑘′|, |𝜙𝑘 − 𝜙𝑘′|) ≥
10

𝑁𝑡𝑁𝑟−1
 (26) 

where |𝑎 − 𝑏|is the wrap-around distance on the unit circle, i.e., the distance between 0.1 and 0.9 is 0.2.  

Note that the assumptions that 𝐃 and 𝐡𝑘 are random, which are required for our proof, do not seem to be 

crucial in practice. More precisely, 𝐃 which is known at the transmitter and receiver, can be considered as a 

coding matrix and 𝐡𝑘 can cover different quadrature amplitude modulation (QAM) signals to convey 

communication information. It is worth noting that normalizing the norm of 𝐡𝑘 can still carry information 

for different QAM constellations by considering the fact that the receiver knows which modulation scheme 

is used and the size of the transmit signal. Let us assume that the transmitter sends 𝐡1 = [1 + 𝑗, 1 − 𝑗] with 

∥ 𝐡1 ∥2= 2, then at the receiver 𝐡̂1 = [0.5 + 0.5𝑗, 0.5 − 0.5𝑗] can be detected. Regarding the fact that the 

norm of the transmit signal with the size of 2 for the 4 −QAM is always 2, one can recover the transmit 

symbols. This is more challenging for larger constellations. For example, let us assume that the transmitter 
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exploits 16 −QAM and aims to transmit 𝐡1 = [1 − 3𝑗, 1 + 3𝑗]. The recovered signal at the receiver is 𝐡̂1 =

[0.2236 − 0.6708𝑗, 0.2236 + 0.6708𝑗]. Building on the fact that the receiver is aware of the size of the 

transmit signal and the constellation scheme, the norm of the transmit signal can have three different values 

as 2,4.4721, and, 6. Thus, by multiplying 4.4721 to the recovered signal, the receiver can detect the transmit 

symbols. Note that multiplying 2 or 6 leads to points where do not belong to the 16 −QAM constellation. 

The minimum separation derived in our theorem is inherently limited by the Rayleigh criterion [40]. While 

our analysis provides a detailed relationship between the number of targets, their minimum separation, and 

the number of observations, it is important to note that both ANM and traditional methods like MUSIC are 

ultimately constrained by the resolution limit set by the Rayleigh criterion [40]. This limit defines the 

minimum distance at which two targets can be distinguished based on their signal characteristics. To resolve 

targets that are closer than this limit, it is necessary to increase the bandwidth, which effectively reduces the 

separation threshold. Thus, the results presented in this work reflect the fundamental limitations imposed by 

the Rayleigh criterion, and any further improvement in resolution would require enhancing the system’s 

bandwidth. However, to estimate targets that are closer than the Rayleigh limit, one might consider the 

approach suggested in [41]. The authors in [41] assumed that prior information is available regarding the 

point sources in the super-resolution problem, which can be translated to the radar context as an initial 

estimate of the target locations. Based on this prior knowledge, they search over a subspace of the spectrum 

rather than entire spectrum, which helps better estimation performance compared to standard ANM methods, 

which are limited by the Rayleigh criterion. Thus, one can first obtain an initial estimate of the targets during 

the first transmission. Then, based on the fact that the targets do not change rapidly compared to the signal 

transmission, the system can focus on an interval where the targets are likely to be located rather than whole 

spectrum. This approach helps to zoom in on the spectrum and detect more closely spaced targets and go 

beyond the Rayleigh limit. 

Building on the above discussion, we are now ready to present our main theorem as follows: 

Theorem 1: 

Consider the linear system in (10) and its sampled version in (11) and assume that the unknown waveforms 

vectors can be written as 𝒙𝑘 = 𝑫𝒉𝑘 where 𝑫 satisfies Assumption 1 while 𝒉𝑘 follows Assumption 2. Further, 

let the unknown shifts satisfy the minimum separation in Assumption 3. As long as, with probability at least 

1 − 𝛿, 

 𝐿4 ≥ 𝐶𝜇𝐾𝑇𝑙𝑜𝑔 (
10𝐾𝑇

𝛿
), (27) 

one can recover 𝑼 using problem (21). The proof is given in the Appendix 10.  

Theorem 1 shows that when the number of radar samples are more than a logarithmic factor, there is an exact 

solution for problem (10) under mild separation conditions on radar parameters. In the following section, we 

evaluate the optimality conditions of the proposed estimator and its solving approach. 

3.4 Optimality Conditions and SDR 

In this section, we explain how the unknown radar parameters can be estimated through dual problem (24). 

Let us first start with the constraint of problem (24)  

 ∥ 𝒳⋆(𝐪) ∥𝒜
⋆ = sup

𝛕∈[0,1)4,∥𝐡∥2=1
|⟨𝐡,𝒳⋆(𝐪)𝐚(𝛕)⟩| = sup

𝛕∈[0,1)4
∥ 𝒳⋆(𝐪)𝐚(𝛕) ∥2≤ 1. (28) 

This implies that the first constraint of (24) is equivalent to bounding the norm of the four-dimensional 

trigonometric vector polynomial 𝑓(𝛕) = 𝒳⋆(𝐪)𝐚(𝛕) by 1. In the following proposition, we introduce the 
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main features of the dual polynomial to identify the radar parameters upon using the dual solution. 

Proposition 1: 

Let us assume that the atom set 𝒜 contains atoms of the form 𝒉𝒂(𝝉)𝐻 constrained on ∥ 𝒉 ∥2= 1 for 𝝉 ∈

[0,1)4. Let us define ℛ = {𝝉𝑖}𝑖=0
𝐾−1 and consider 𝑼 as the optimal solution of (10). The optimal solution is 

unique as long as the following conditions are satisfied: 

1) There is a four-dimensional trigonometric vector polynomial 𝑓(𝝉) = 𝒳⋆(𝒒)𝒂(𝝉) such that: 

 
𝑓(𝝉𝑘) =

1

∥𝒉𝑘∥2
sign(𝑐𝑘)𝒉𝑘,   ∀𝝉𝑘 ∈ ℛ

∥ 𝑓(𝝉) ∥2< 1, ∀𝝉 ∈ [0,1)4\ℛ.
 (29) 

2) {[
𝒂(𝝉𝑘)𝐻𝑫̃−𝑁

⋯ 
𝒂(𝝉𝑘)𝐻𝑫̃𝑁

]}

𝑘=0

𝐾−1

is a linearly independent set. The proof of the proposition is given in 

Appendix  3.9.2. 

Once (24) is solved and 𝐪 is obtained, one can formulate 𝑓(𝛕) in order to estimate ℛ by discretizing the 

interval [0,1)4 on a fine grid and find ∥ 𝑓(𝛕̂𝑘) ∥2= 1 regarding the fact that ∥ 𝐡𝑘 ∥2= 1 from Proposition 2 

(see Figure 5). Then, we propose the following least-square problem to estimate 𝛼𝑘𝐡𝑘. Let us first define 

𝐠𝑘 = 𝛼𝑘𝐡𝑘, then solve  

 min
𝐠𝑘,∀𝑘

√∑𝐿
𝑗=1 ([𝐲]𝑗 − ∑𝐾−1

𝑘=0 𝐚(𝛕̂𝑘)𝐻𝐃̃𝑗𝐠𝑘)
2. (30) 

Building on the fact that ∥ 𝐡𝑘 ∥2= 1, one can obtain 𝐡̂𝑘 and 𝛼̂𝑘. 

It is worth noting that solving (24) is still challenging because the inequality constraint requires an infinite 

dimensional search over the interval [0,1)4.  We use the results of the TPT [39] to propose an SDR in terms 

of matrix inequalities. To do so, please let us first define sum-of-squares relaxation degrees 𝑠′, 𝑟′, 𝑙′, 𝑘′. Then, 

we can define a zero-padded extension of 𝐪 such that 𝐪(𝑠′,𝑟′,𝑙′,𝑘′)
′ = 𝐪𝑠,𝑟,𝑙,𝑘 if 𝑠, 𝑟, 𝑙, 𝑘 ∈ 𝒥, otherwise, 

𝐪(𝑠′,𝑟′,𝑙′,𝑘′)
′ = 0. Then, the SDR of problem (24) can be given by  

 

max
𝐪,𝐐⪰0

 ⟨𝐪, 𝐲⟩ℝ

[
𝐐 𝐐̂𝐻

𝐐̂ 𝐈𝑇×𝑇 ,
] ⪰ 0,

Tr((𝚯𝑙′ ⊗ 𝚯𝑘′ ⊗ 𝚯𝑠′ ⊗ 𝚯𝑟′)𝐐) = 𝛿𝑙′,𝑘′,𝑠′,𝑟′ ,

 (31) 

where −(𝑁 − 1) ≤ 𝑙′, 𝑘′ ≤ 𝑁 − 1, −(𝑆 − 1) ≤ 𝑠′ ≤ 𝑆 − 1 and −(𝑁𝑟 − 1) ≤ 𝑟′ ≤ 𝑁𝑟 − 1. Moreover, 

𝚯𝑙′ ∈ ℂ𝑁×𝑁, 𝚯𝑘′ ∈ ℂ𝑁×𝑁, 𝚯𝑠′ ∈ ℂ𝑆×𝑆, 𝚯𝑟′ ∈ ℂ𝑁𝑟×𝑁𝑟 are Toeplitz matrices with ones on their 𝑙′, 𝑘′, 𝑠′, 𝑟′-th 

diagonal and zeros elsewhere, respectively. 𝛿𝑙′,𝑘′,𝑠′,𝑟′ is the Dirac function such that 𝛿𝑙′,𝑘′,𝑠′,𝑟′ = 1 if 𝑙′ =

𝑘′ = 𝑠′ = 𝑟′ = 0, otherwise, 𝛿𝑙′,𝑘′,𝑠′,𝑟′ = 0. Finally, 𝐐̂ = ∑𝑗∈𝒥 𝑞𝑗𝐆𝑗, where 𝐆𝑗 = 𝐞𝑗𝐝𝑙 , ∀𝑙 ∈ {−𝑁,⋯ ,𝑁}. 

Problem (31) is convex and can be solved using off-the-shelf convex solvers such as Disciplined Convex 

Programming (CVX) [42]. In the next section, we generalize our problem for the case when the received 

signal is contaminated by AWGN noise and jamming signals. 



D3.3 “Compressed Sensing and ML-Based 
Techniques for Positioning and L1/L2 Control” 

Page 24 of 64 

6G-MUSICAL, Horizon No. 101139176 

 

 

 

Figure 5: The magnitude of the dual polynomial in (𝜙, 𝜌) and (𝜏, 𝑣) domains in (a) and (b), respectively 

3.5 Robustness Against AWGN Noise and Jamming Signals 

In this section, we propose a robust LANM to show that the proposed estimator can work in the case when 

the received signal is contaminated by AWGN noise and jamming signals as shown in Figure 4. To do so, 

we consider the following observation model  

 𝐲𝑤 = 𝐲 + 𝐰 + 𝐳, (32) 

containing both AWGN and jamming signals. The power of the AWGN is bounded by ∥ 𝐰 ∥2≤ 𝛿2
2 and the 

jamming signals have the following structure  

 𝐳 = ∑𝑅
𝑟=1 𝑝𝑟𝐩𝑟 ⊗ 𝐚𝑁𝑟

(𝜓𝑟), (33) 

where 𝐚𝑁𝑟
(𝜓𝑟) = [1, 𝑒𝑗2𝜋𝜓 ⋯ , 𝑒𝑗2𝜋𝜓(𝑁𝑡−1)]𝑇 is the steering vector in which 𝜓𝑟 = −

sin(𝜓̃𝑘)

2
, and 𝑅 is the 

number of jammers. Note that the received signal from a moving target, characterized by a particular AoA 

and velocity concerning the airborne radar, undergoes spatial and temporal correlation [38]. To elaborate, the 

array response for an individual target involves the Kronecker product of its spatial and Doppler steering 

vectors, adjusted for magnitude scaling. 

We assume that jamming signals are transmitted from fixed spatial locations, which results in spatial 

correlation with the receiver array. However, unlike targets, these signals are temporally uncorrelated with 

the radar’s Doppler-structured pulses, as jammers work independently of the radar’s timing and waveform. 

Thus, we can model the jamming signal as a sum of Kronecker products between independent temporal 

waveforms and spatial steering vectors corresponding to the jammers’ AoA. This formulation is consistent 

with radar signal processing literature [43][44]. This results in the observed signal being a Kronecker product 

of the jammer’s temporal samples and the spatial steering vector.  
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Figure 6: The NMSE and SER of the proposed estimator compared to the conventional approaches in (a) and (b), 
respectively 

 

Figure 7: The average success rate of LANM with respect to the number of targets and the subspace dimension 𝑇 

when the number of measurements varies. (a), (b) and (c) represent the results for 𝐾 = 1, 𝐾 = 2, 𝐾 = 1 with one 

jammer, respectively 

 

Figure 8: SER versus NMSE for different numbers of observations 

Building on the fact that the jamming signals involve a sparse structure of the following atom set, 𝒜𝑗 =

{𝐩 ⊗ 𝐚𝑁𝑟
(𝜓𝑟): 𝜓𝑟 ∈ [0,1), ∥ 𝐩 ∥= 1}, we define the following atomic norm for the jamming signals  

 ∥ 𝐳 ∥𝒜𝑗
= inf{∑𝑟 |𝑝𝑟|: 𝐳 = ∑𝑟 𝑝𝑟𝐩𝑟𝐚𝑁𝑟

(𝜓𝑟)}. (34) 
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Note that both the desired radar signal 𝐲 and the jamming signal 𝐱𝑟 are expressed as linear combinations of 

a small number of elements from the atomic sets 𝒜 and 𝒜𝑗 contaminated by AWGN noise. Consequently, 

we utilize the following atomic norm minimization to separate the signal components from 𝐲𝑤𝑟 as  

 
min
𝐔,𝐳

∥ 𝐔 ∥𝒜+ 𝜆 ∥ 𝐳 ∥𝒜𝑗

∥ 𝐲𝑤 − 𝐲 − 𝐳 ∥2≤ 𝛿2
2,

 (35) 

where 𝜆 > 0 is a regularization parameter that balances the sparsity of the lifted atomic norm of radar 

parameters and the sparsity of the jamming signals. The dual problem, then, can be given by  

 

max
𝐪

 ⟨𝐪, 𝐲𝑤⟩ℝ − 𝛿2 ∥ 𝐪 ∥2

∥ 𝒳⋆(𝐪) ∥𝒜
⋆ ≤ 1,

∥ 𝐪 ∥𝒜𝑗

⋆ ≤ 𝜆,

 (36) 

Following (22), one can find a SDR for the above problem to implement it. Then, the transmitted data can 

be obtained through the following optimization  

 min
𝐠𝑘,∀𝑘,𝑝𝑟𝐩𝑟,∀𝑟

√∑𝐿
𝑗=1 ([𝐲𝑤]𝑗 − ∑𝐾−1

𝑘=0 𝐚(𝛕̂𝑘)
𝐻𝐃̃𝑗𝐠𝑘 − [𝐳̂]𝑗))

2 (37) 

where 𝐳̂ = ∑𝑅
𝑟=1 𝑝𝑟𝐩𝑟 ⊗ 𝐚𝑁𝑟

(𝜓̂𝑟). To detect the location of the jammers, one can use the locations of the 

norm of following polynomial where achieve 𝜆  

 𝐐(𝜓) = 𝐈𝑁𝑟
⊗ 𝐚𝑁𝑟

(𝜓)𝐪̂, (38) 

where 𝐪̂ is the solution of (36) (see Figure 8). In the following section, we derive the computational 

complexity of the proposed approach. 

In the proposed estimator in [26], the regularisation parameter 𝜆 plays an important role in balancing the 

effect of the LANM and the jammer atomic norm. Specifically, increasing 𝜆 focuses more on jammer 

detection, while decreasing 𝜆 shifts the focus toward target detection using LANM. This can be particularly 

useful when prior information about the presence of jammers or targets is available. For instance, if the 

receiver knows in advance that the number of jammers are more than the targets, one can set a higher 𝜆 to 

enhance jammer detection. Conversely, when the main objective is targeting detection with fewer jammers, 

a lower 𝜆 provides better performance. However, we do not assume such prior knowledge and set 𝜆 = 1 to 

ensure a balanced detection for both targets and jammers.  

3.6 Complexity Analysis and ADMM Algorithm for SDR Problem 

Problem (31) is convex and can be solved using the interior point method available by CVX [42]. The 

computational complexity of solving such a problem is 𝒪((𝐸 + 𝐹)1.5𝐸2), where 𝐸 and 𝐹 represent the 

number of variables and constraints, respectively [42]. In problem (31), the number of variables is 

(2𝑁 + 1)𝑁𝑟 and ((2𝑁 + 1)2𝑁𝑡𝑁𝑟)
2, and the number of constraints is ((2𝑁 + 1)2𝑁𝑡𝑁𝑟)

2 + 1. To estimate 

the transmitted signal, we solve problem (37), which is a mean-square problem. Since it has a closed-form 

solution, its complexity is negligible. Consequently, the overall computational complexity of the proposed 

estimator can be approximated as follows:  
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𝒪((2𝑁 + 1)𝑁𝑟 + ((2𝑁 + 1)2𝑁𝑡𝑁𝑟)
2

+((2𝑁 + 1)2𝑁𝑡𝑁𝑟)
2 + 1)1.5

((2𝑁 + 1)𝑁𝑟 + ((2𝑁 + 1)2𝑁𝑡𝑁𝑟)
2)2

≈ 𝒪(4𝑁2𝑁𝑡𝑁𝑟)
3(4𝑁2𝑁𝑡𝑁𝑟)

2 = 𝒪(4𝑁2𝑁𝑡𝑁𝑟)
5

 (39) 

which shows that the number of receive antennas, 𝑁𝑟, transmit antennas, 𝑁𝑡, and the signaling dimension, 𝑁, 

significantly affect the computational complexity. The key insight of our approach is that this complexity is 

the same with the conventional atomic norm minimization to estimate the channel based on the pilot signal 

[31], as the complexity of estimating the transmit signal is neglected in problem (37) as there is a closed-

form solution for it. 

To address the computational complexity of the proposed optimization problem, we adopt the ADMM 

framework. First, we introduce an auxiliary variable 𝐙 such that 𝐐 = 𝐙 for problem (31), and reformulate it 

as:  

 

max
𝐪,𝐐,𝐙

    ⟨𝐪, 𝐲〉ℝ

s. t. 𝐐 = 𝐙,    𝐙 ⪰ 0,

𝐖:= [
𝐐 𝐐̂𝐻

𝐐̂ 𝐈
] ⪰ 0,

Tr(𝐀𝑖𝐐) = 𝑏𝑖,    ∀𝑖,

     (40) 

where each 𝐀𝑖 = 𝚯𝑙′ ⊗ 𝚯𝑘′ ⊗ 𝚯𝑠′ ⊗ 𝚯𝑟′ , and 𝑏𝑖 = 𝛿𝑙′,𝑘′,𝑠′,𝑟′ for the corresponding indices. The 

augmented Lagrangian is given by  

 
ℒ𝜌(𝐐, 𝐙, 𝚲) = ⟨𝐪, 𝐲〉ℝ + ∑𝑖 𝜆𝑖(Tr(𝐀𝑖𝐐) − 𝑏𝑖)

+⟨𝚲,𝐐 − 𝐙⟩ +
𝜌

2
∥ 𝐐 − 𝐙 ∥𝐹

2 ,
  (41) 

where 𝚲 is the dual variable associated with the constraint 𝐐 = 𝐙, and 𝜌 > 0 is the penalty parameter. The 

procedure of the ADMM structure is given by Algorithm 1, in Table 1. 

Table 1: ADMM Algorithm for Solving the Optimization Problem in (31) 

1: Initialise variables 𝐪,𝐐, 𝐙, 𝚲 randomly. 

2: Set penalty parameter 𝜌 > 0 and primal tolerance 𝜖pri > 0 

3: Repeat until the convergence criteria is met 

4: Update 𝐐(𝑘+1) by solving:  

                                𝐐(𝑘+1) ≔ argmin
𝐐

{−⟨𝐪, 𝐲〉ℝ + ∑𝑖 𝜆𝑖Tr(𝐀𝑖𝐐) +
𝜌

2
∥ 𝐐 − 𝐙(𝑘) +

1

𝜌
𝚲(𝑘) ∥𝐹

2} (42) 

          subject to the PSD constraint on the matrix 𝐖:= [
𝐐 𝐐̂𝐻

𝐐̂ 𝐈
] ⪰ 0 

 

5: Update 𝐙(𝑘+1) by projection:  
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 𝐙(𝑘+1) ≔ 𝒫⪰0 (𝐐(𝑘+1) +
1

𝜌
𝚲(𝑘))  

where 𝒫⪰0(⋅) denotes the projection onto the cone of positive semidefinite matrices 

6: Update dual variable 𝚲(𝑘+1):  

 𝚲(𝑘+1): = 𝚲(𝑘) + 𝜌(𝐐(𝑘+1) − 𝐙(𝑘+1))  

7: If  

 ∥ 𝐐(𝑘+1) − 𝐙(𝑘+1) ∥𝐹≤ 𝜖pri, terminate the algorithm   

The computational complexity of each ADMM iteration is dominated by matrix operations such as inversion 

and eigenvalue decomposition. Specifically, the complexity per iteration is approximately 𝒪(((2𝑁 +

1)2𝑁𝑡𝑁𝑟)
3). Compared to the original semidefinite programming (SDP) formulation solved via CVX, which 

has a complexity of 𝒪((4𝑁2𝑁𝑡𝑁𝑟)
5), the ADMM algorithm reduces the computational complexity 

significantly.  

3.7 Numerical Results 

In this section, we explore the performance of the proposed LANM for the simultaneous estimation of radar 

parameters and transmit data. We compare the results with conventional approaches, including Atomic Norm 

Minimization (ANM) [31] and ℓ1 minimization [25]. 

The normalized target’s parameters are generated randomly over [0,1)4, i.e., 𝜏, 𝑣, 𝜃𝑘, and, 𝜙 ∈ [0,1)4 and 

their coefficients are independently generated from a zero-mean, circularly symmetric complex Gaussian 

distribution with unit variance. The number of observations and the dimensions of the coding matrix are 

specified individually for each simulation. For the jamming signal, both the jammer’s location and its 

transmitted signal are generated randomly. All ANM settings are similar to those used in LANM, except for 

the coding matrix. For the ℓ1 minimization, the continuous domain [0,1)4 is discretized. When jammers are 

present in the target area, they are assumed to transmit signals from randomly chosen locations that do not 

overlap with the targets. For this challenging scenario, we solve problem (36) by setting 𝜆 = 1. 

Communication signals are generated using QAM constellations, with the specific constellation type defined 

in each simulation. The coding matrix 𝐃 is drawn from a Gaussian distribution with zero mean and unit 

variance. 

Our evaluation begins by plotting the norm of the dual polynomial in (29 ) in a simulation where the number 

of observed signals, 𝐿 = 225 such that 𝑁𝑡 = 𝑁𝑟 = 3 and 𝑁 = 2. Assuming two targets satisfying the 

minimum separation condition, locations where the dual polynomial’s norm achieves 1, as per Proposition 1, 

are used to estimate radar parameters. In Figure 5, we plot the two-dimensional dual polynomial to illustrate 

this. Note that red circles represent the recovered radar parameters, respectively. The radar parameters, 

(𝜏𝑘 , 𝑣𝑘 , 𝜃𝑘 , 𝜙𝑘), are detected through the magnitude of the dual polynomial where achieve 1. For clarity, we 

present the dual polynomial in the two-dimensional case with two Figures, plotting the pair (𝜏, 𝑣) for fixed 

(𝜃, 𝜙) and vice versa. 

Before the next simulation, we need to first define the normalized mean-square error (NMSE) as 

𝔼[∥ 𝐯 − 𝐯̂ ∥2/∥ 𝐯 ∥2], where 𝐯 = ∑𝐾−1
𝑘=0 𝛼𝑘𝐚(𝛕𝑘)

𝐻 and 𝐯̂ is the recovered radar quantity with the parameters 

𝐾̂, 𝛼̂, 𝛕̂. Next, we define the symbol error rate (SER) as SER = 𝔼 [
1

𝐾𝑇
∑𝐾−1

𝑘=0 ∑𝑇
𝑡=1 𝕀(ℎ𝑘,𝑡−ℎ̂𝑘,𝑡)

] where 𝕀 is a 
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binary indicator such that 𝕀 = 0 if ℎ𝑘,𝑡 = ℎ̂𝑘,𝑡, otherwise, 𝕀 = 1. 

We now compare the NMSE of LANM with the pilot-aided ℓ1 minimization, and ANM, as depicted in Figure 

10 (a) versus signal-to-noise ratio (SNR) values, which is defined as SNR = 10log10
1

𝛿2
. In this simulation, 

we set 𝐿 = 225. The Figure illustrates that as the SNR thresholds increase, the NMSE decreases for all 

approaches. This observation highlights that, despite LANM simultaneously estimating the channel and 

transmit signal, its performance is comparable to the pilot-aided ANM and surpasses the traditional ℓ1-based 

method, both of which need knowledge of the transmit signal. It is worth noting that because the transmitted 

signal is known at the receiver side in the case of pilot-aided ANM, its NMSE serves as a lower bound for 

the LANM. The performance of the LANM is superior to the pilot-aided ℓ1 minimization due to its increased 

robustness against additive noise and its ability to recover radar parameters within a continuous dictionary. 

This is shown in this Figure that the performance of the proposed LANM is degraded when there is a jammer 

at the target area. In Figure 10 (b), we investigate the SER of the proposed estimator for the different QAM 

constellations. This Figure illustrates that SER decreases with increasing SNR thresholds. Moreover, Figure 

10 (b) indicates that the performance of the proposed estimator degrades by enlarging the QAM 

constellations. 

 

Figure 9: The dual polynomials for detecting the locations of the target (a) and jammer (b) 

Let us proceed by examining the phase transition graphs of LANM with respect to the average success rate 

in relation to the number of targets and subspace dimension 𝑇 for various measurement quantities to show 

the trade-off between the number of detected symbols and the recovery performance of radar channel. In 

each of the 20 Monte Carlo simulations conducted, we calculate the normalised error ∥ 𝐔 − 𝐔̂ ∥𝐹/∥ 𝐔 ∥𝐹, 

where 𝐔̂ represents the recovered lifted matrix. If ∥ 𝐔 − 𝐔̂ ∥𝐹/∥ 𝐔 ∥𝐹≤ 10−3, we consider the recovery 

method successful. The Figure 7 (a)-(c) reveal that an increase in the number of measurements correlates 

with an improvement in the number of detected symbols. In these figures, the pure black and white are 

associated with 0 and 1, respectively. Furthermore, a comparison between the results of Figure 7 (a) and (b) 

indicates that expanding the number of targets diminishes the recovery performance. These results are 

consistent with Theorem 1, where the recovery performance is a logarithmic function of the number of targets 

and the transmit data size. Moreover, in Figure 7 (c) we evaluate the phase transition graphs for the scenario 

where there is one target and one jammer in the target area. This Figure demonstrates a logarithmic 

relationship between the number of targets and the transmit data size for this scenario, which we suggest 

eager readers to prove. 

In the next phase of this study, the radar-communication trade-off is examined by varying the number of 

observed signals, as illustrated in Figure 8. It also indicates that an increase in the number of observations 
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results in improvements in both the SER and NMSE of the radar channel. This observation is consistent with 

the notion that augmenting the number of observations enhances channel diversity, consequently leading to 

improved performance in both communication and radar metrics. 

 

Figure 10: The NMSE and SER of the proposed estimator compared to the conventional approaches for 𝐾 = 1 with 

one jammer in the target area in (a) and (b), respectively 

For the next empirical finding, we plot the dual polynomials that contains jammer information and target’s 

parameters in Figure 9. In this figure, the red bar shows the jammer’s parameter. The red circle and red bar 

demonstrate the recovered radar parameters and jammer interference, respectively. As shown in Figure 9 (a) 

the jammer polynomial has one peak that shows the location of the jammer. Then, the dual polynomial in the 

(𝜙, 𝜃) domain is presented in Figure 9 (b). It demonstrates that the dual polynomial has many peaks where 

the jammer is located and one peak that localises the target. Note that we do not show the dual polynomial 

in the (𝜏, 𝑣) domain because the jammer has no interference with this plane. 

We compare the NMSE of SER of the proposed estimator with the jammer with the pilot-aided ℓ1 

minimisation, and ANM. As shown in Figure 9 (a) and (b), our proposed estimator outperform the 

conventional ℓ1 minimisation in the NMSE and SER. Again, the performance obtained by the proposed 

estimator is comparable with the pilot-aided ANM as a performance benchmark.  

 

Figure 11: An illustration of execution time versus number of observations for the SDP and ADMM 
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Finally, in Figure 11, we compare the execution time of the SDP implementation using CVX with the ADMM 

algorithm versus the number of observations. The execution time for the SDP increases rapidly with the 

number of observations, showing its high computational cost for obtaining precise solutions. In contrast, the 

execution time for the ADMM increases more moderately, supporting the mathematical analysis in Section 

3.6, which demonstrates that ADMM requires lower computational complexity to solve the optimization 

problem in (31). This suggests that while SDP is suitable for smaller problems, ADMM is preferable for 

large-scale applications where computational efficiency is critical, such as in MIMO scenarios. For the 

ADMM algorithm, we set 𝜌 = 0.1 and 𝜖pri = 0.001.   

3.8 Conclusion and Future Research Direction 

This chapter presents a novel off-the-grid estimator for the JCAS systems using LANM. The study shows 

that LANM can effectively estimate both radar target parameter and communication symbol decoding 

concurrently, subject to a mild constraint on the minimum distance of the targets and the number of 

observations. This chapter adopts a lifting technique to encode transmit signals initially, utilizing atomic 

norm to enhance the structured low rankness of JCAS systems. We then exploit the dual technique to 

transform the LANM into an infinite-dimensional search over the signal domain. Consequently, we employed 

SDR to implement the dual problem and developed the ADMM algorithm for this problem. Moreover, the 

chapter extends the proposed approach to practical scenarios where received signals are contaminated by 

AWGN noise and jamming signals. The simulation experiments support the main theorem and demonstrate 

the superior performance of LANM compared to the existing state-of-the-art methods. 

An important research direction for future work is to derive the mathematical analysis for the current noisy 

LANM-based framework proposed in this chapter. In the literature, two closely related works provided 

valuable insights for this.  

3.9  Appendices 

3.9.1 Proof of Theorem 1 

To prove Theorem 1, we first describe the desired form of a valid dual polynomial. Then, we show that this 

polynomial with its optimal properties is satisfied, which concludes the proof.  

Proposition 2 

If the vector-valued dual polynomial  

 𝑸(𝝉) = (𝒳⋆(𝒒))𝐻𝒄(𝝉) = 𝑩𝑇𝑑𝑖𝑎𝑔(𝒒)𝒄(𝝉), (43) 

satisfies 

 
(𝑸𝝉𝑘) =

1

∥𝒉𝑘∥2
2 𝑠𝑖𝑔𝑛(𝑎𝑘

⋆)𝒉𝑘
⋆ ,   ∀𝝉𝑘 ∈ 𝒯,

∥ 𝑸(𝝉) ∥2< 1,   ∀𝝉 ∈ [0,1)4\𝒯,
 (44) 

where a vector 𝒒 is a vector and 𝑠𝑖𝑔𝑛(⋅) is the complex sign function, problem (21) has a unique solution. 

Using the above proposition, one can understand that 𝑼⋆ is the unique and exact solution of problem (21) if 

one finds the dual polynomial 𝑸(𝝉), which satisfies .(44) Thus, our main goal is to construct such a valid 

dual polynomial.  

Construction of the Dual Polynomial 

Let us first suppose that ∥ 𝐡𝑘 ∥2= 1, ∀𝑘, without loss of generality. Then, we can introduce the squared 

Fejer’s kernel and its partial derivatives as  
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𝐾(𝛕) =
1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
𝑒−𝑗2𝜋𝛕𝑇𝐧,

𝐾𝑖1,𝑖2,𝑖3,𝑖4(𝛕) =
𝜕𝑖1𝜕𝑖2𝜕𝑖3𝜕𝑖4𝐾(𝛕)

𝜕𝜏1

𝑖1 𝜕𝜏2

𝑖2 𝜕𝜏3

𝑖3 𝜕𝜏4

𝑖4
,

 (45) 

where 𝑠𝑛 =
1

𝐿
∑min(𝑛+𝐿,𝐿)

𝑖=max(𝑛−𝐿,−𝐿) (1 − |
𝑖

𝐿
|) (1 − |

𝑛−𝑖

𝐿
|) following the definition [40]. Now, we define the 

randomized matrix-valued versions of 𝐾(𝛕) as  

 𝐊(𝛕) =
1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
𝐝𝐧𝐝𝐧

𝐻𝑒−𝑗2𝜋𝛕𝑇𝐧 ∈ ℂ𝐿×𝐿 . (46) 

Similarly, the derivatives can be obtained. The expected value can be given by  

 
𝔼{𝐊(𝛕)} =

1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
𝔼{𝐝𝐧𝐝𝐧

𝐻}𝑒−𝑗2𝜋𝛕𝑇𝐧

= 𝐾(𝛕)𝐈𝐿 .
 (47) 

Consequently, 𝔼{𝐊′(𝛕)} = 𝐾′(𝛕)𝐈𝐿, where 𝐈𝐿 is the 𝐿 × 𝐿 identity matrix which satisfies the isotropy 

property. Now, we suggest the following form to construct the vector-valued dual polynomial 𝐐(𝛕) ∈ ℂ𝐿 as  

 

𝐐(𝛕) = ∑𝐾
𝑘=1 𝐊(𝛕 − 𝛕𝑘)𝛂𝑘 + ∑𝐾

𝑘=1 𝐊1000(𝛕 − 𝛕𝑘)𝛃𝑘

+∑𝐾
𝑘=1 𝐊0100(𝛕 − 𝛕𝑘)𝛄𝑘 + ∑𝐾

𝑘=1 𝐊0010(𝛕 − 𝛕𝑘)𝛗𝑘

+∑𝐾
𝑘=1 𝐊0001(𝛕 − 𝛕𝑘)𝛠𝑘,

 (48) 

where 𝛂𝑘 = [𝛼𝑘,1,⋯ , 𝛼𝑘,𝐿]
𝑇 ∈ ℂ𝐿×1 and 𝛃𝑘 = [𝛽𝑘,1, ⋯ , 𝛽𝑘,𝐿]

𝑇 ∈ ℂ𝐿×1, 𝛃𝑘 = [𝛽𝑘,1,⋯ , 𝛽𝑘,𝐿]
𝑇 ∈ ℂ𝐿×1, 𝛄𝑘 =

[𝛾𝑘,1, ⋯ , 𝛾𝑘,𝐿]
𝑇 ∈ ℂ𝐿×1, 𝛗𝑘 = [𝜑𝑘,1,⋯ , 𝜑𝑘,𝐿]

𝑇 ∈ ℂ𝐿×1, and 𝛠𝑘 = [𝜚𝑘,1,⋯ , 𝜚𝑘,𝐿]
𝑇 ∈ ℂ𝐿×1 for 𝑘 =

{1,⋯ ,𝐾}. It is straightforward to check that 𝐐(𝛕) follows the valid form defined in (34) of Proposition 2. 

We form the following linear equations to find the coefficient vectors  

 
𝐐(𝛕𝑘) = sign(𝑎𝑘

⋆)𝐡𝑘
⋆ , 𝛕𝑘 ∈ 𝒯,

𝐐′(𝛕𝑘) = 0,    𝛕𝑘 ∈ 𝒯,
 (49) 

which can be given by (43) by defining 𝜅:=
1

√𝐾′′(0)
 and (𝚪𝑖1,𝑖2,𝑖3,𝑖4)𝑙𝑗: = 𝐊𝑖1,𝑖2,𝑖3,𝑖4(𝛕𝑙 − 𝛕𝑗). To solve this 

linear problem, we need to first show that 𝚪 is invertible with high probability.  

 

[
 
 
 
 
 
 
𝚪0000 𝜅𝚪1000 𝜅𝚪0100 𝜅𝚪0010 𝜅𝚪0001

𝚪1000 −𝜅2𝚪2000 −𝜅2𝚪110 −𝜅2𝚪1010 −𝜅2𝚪1001

𝚪0100 −𝜅2𝚪1100 −𝜅2𝚪0200 −𝜅2𝚪0110 −𝜅2𝚪0101

𝚪0010 −𝜅2𝚪1010 −𝜅2𝚪0110 −𝜅2𝚪0020 −𝜅2𝚪0011

𝚪0001 −𝜅2𝚪1001 −𝜅2𝚪0101 −𝜅2𝚪0011 −𝜅2𝚪0002

]
 
 
 
 
 
 

[
 
 
 
 
𝛂
𝛃
𝛗
𝛠

]
 
 
 
 

=

[
 
 
 
 
 
sign(𝐚1

⋆)𝐡⋆

⋅
sign(𝐚𝐾

⋆ )𝐡⋆

0
⋅
0 ]

 
 
 
 
 

⟶ 𝚪

[
 
 
 
 
𝛂
𝛃
𝛗
𝛠

]
 
 
 
 

=

[
 
 
 
 
 
sign(𝐚1

⋆)𝐡⋆

⋅
sign(𝐚𝐾

⋆ )𝐡⋆

0
⋅
0 ]

 
 
 
 
 

, (50) 

 𝚽 =

[
 
 
 
 
 
 
𝚽0000 𝜅𝚽1000 𝜅𝚽0100 𝜅𝚪0010 𝜅𝚽0001

𝚽1000 −𝜅2𝚽2000 −𝜅2𝚽110 −𝜅2𝚯1010 −𝜅2𝚽1001

𝚽0100 −𝜅2𝚽1100 −𝜅2𝚽0200 −𝜅2𝚯0110 −𝜅2𝚽0101

𝚽0010 −𝜅2𝚽1010 −𝜅2𝚽0110 −𝜅2𝚽0020 −𝜅2𝚽0011

𝚽0001 −𝜅2𝚽1001 −𝜅2𝚽0101 −𝜅2𝚽0011 −𝜅2𝚽0002
]
 
 
 
 
 
 

=
1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
𝐯𝑛𝐯𝑛

𝐻 , (51) 

The expectation value of 𝚪 can be written as 𝔼{𝚪} = 𝚪̅ = 𝚽 ⊗ 𝐈𝐿, where ⊗ is the Kronecker product, 𝚽 ∈

ℂ2𝐾×2𝐾 is given in (44), where (𝚽𝑖1,𝑖2,𝑖3,𝑖4)𝑙𝑗 = 𝐾𝑖1,𝑖2,𝑖3,𝑖4(𝛕𝑙 − 𝛕𝑗) and  
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 𝐯𝐧 = [𝑒−𝑗2𝜋𝛕1
𝑇𝐧,⋯ , 𝑒−𝑗2𝜋𝛕𝐊

𝑇𝐧, (52) 

 (𝑗2𝜋𝑛1𝜅)𝑒−𝑗2𝜋𝛕1𝐧, ⋯ , (𝑗2𝜋𝑛1𝜅)𝑒−𝑗2𝜋𝛕𝐾
𝑇𝐧,  

 (𝑗2𝜋𝑛2𝜅)𝑒−𝑗2𝜋𝛕1
𝑇𝐧, ⋯ , (𝑗2𝜋𝑛2𝜅)𝑒−𝑗2𝜋𝛕𝑘

𝑇𝐧,  

 (𝑗2𝜋𝑛3𝜅)𝑒−𝑗2𝜋𝛕𝐾
𝑇𝐧, ⋯ , (𝑗2𝜋𝑛3𝜅)𝑒−𝑗2𝜋𝛕𝐾

𝑇𝐧,  

 (𝑗2𝜋𝑛4𝜅)𝑒−𝑗2𝜋𝛕𝐾
𝑇𝐧, ⋯ , (𝑗2𝜋𝑛4𝜅)𝑒−𝑗2𝜋𝛕𝐾

𝑇𝐧]𝑇 (53) 

The following lemma is useful from [40] regarding 𝚽. 

Lemma 1 

The matrix 𝜱 is invertible and  

 ∥ 𝐈 − 𝚽 ∥≤ 0.1811, ∥ 𝚽 ∥≤ 1.1811, ∥ 𝚽−1 ∥≤ 1.2301. (54) 

To avoid excessive clutter, we eliminate the proof of Lemma 1. However, eager readers can follow the 

process to prove this lemma and obtain these bounds. It is worth noting that 𝚪 can be written as a sum of 

independent random matrices as  

 
𝚪 =

1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
(𝐯𝐧 ⊗ 𝐝𝐧)(𝐯𝐧 ⊗ 𝐝𝐧)

𝐻

=
1

𝐿4
∑𝐧∈𝒥 𝑠𝑛1

𝑠𝑛2
𝑠𝑛3

𝑠𝑛4
(𝐯𝐧𝐯𝐧

𝐻) ⊗ (𝐝𝐧𝐝𝐧
𝐻),

 (55) 

then, we can write 𝚪 − 𝚪̅ as 𝚪 − 𝚪̅ = ∑𝐧∈𝒥 𝐒𝐧, where 𝐒𝐧 =
1

𝐿4 𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛4

(𝐯𝐧𝐯𝐧
𝐻) ⊗ (𝐝𝐧𝐝𝐧

𝐻 − 𝐈𝐿). Using 

the following lemma, we prove that 𝚪 is concentrated around 𝚪̅ with high probability. 

Lemma 2 

Let us assume that 0 < 𝛿 < 1, for any 𝜖 ∈ (0,0.8189), if 

 𝐿4 ≥
192𝜇𝐾𝑇

𝜖
log (

10𝐾𝑇

𝛿
), (56) 

∥ 𝜞 − 𝜞̅ ∥≤ 𝜖 holds with probability at least 1 − 𝛿. Proof of Lemma 2 is given in Appendix 12. 

Note that the event ℰ1,𝜖 = {∥ 𝚪 − 𝚪̅ ∥≤ 𝜖} holds if (56) holds with probability at least 1 − 𝛿. This lemma 

states that the matrix 𝚪 is invertible when ℰ1,𝜖 holds for some 0 < 𝜖 < 0.8189, because  

 ∥ 𝐈 − 𝚪 ∥≤∥ 𝐈 − 𝚪̅ ∥ +∥ 𝚪̅ − 𝚪 ∥≤ 0.1811 + 𝜖 < 1, (57) 

where ∥ 𝐈 − 𝚪̅ ∥=∥ 𝐈 − 𝚽 ∥≤ 0.1811 from Lemma 1. Under ℰ1,𝜖, let 𝚪−1 = [𝐋𝐑], where 𝐋 ∈ ℂ2𝐿𝐾×𝐿𝐾 and 

𝐑 ∈ ℂ2𝐿𝐾×𝐿𝐾, then we have  

 

[𝛂, 𝜅−1𝛃, 𝜅−1𝛄, 𝜅−1𝛗,𝜅−1𝛠]𝑇

= 𝚪−1[sign(𝑎1
⋆)𝐡⋆,⋯ , sign(𝑎𝐾

⋆ )𝐡⋆, 0,⋯ ,0]𝑇

= 𝐋[sign(𝐚⋆) ⊗ 𝐡⋆]

 (58) 

The first condition in (41) is satisfied using the above definitions. Let us now define 𝚽−1 = [𝐋̅𝐑̅], where 𝐋̅ ∈

ℂ5𝐾×𝐾 and 𝐑̅ ∈ ℂ5𝑘×𝐾. Then, we have  
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 𝚪̅−1 = 𝚽−1 ⊗ 𝐈𝐿 = [𝐋̅  𝐑̅] ⊗ 𝐈𝐿 = [𝐋̅ ⊗ 𝐈𝐿  𝐑̅ ⊗ 𝐈𝐿], (59) 

and ∥ 𝚪̅−1 ∥=∥ 𝚽−1 ∥≤ 1.2301. Then, we can use it to develop the following lemma. 

Lemma 3  

On the event ℰ1,𝜖 with 𝜖 ∈ (0,0.8189), we have 

 ∥ 𝜞−1 − 𝜞̅−1 ∥≤ 2 ∥ 𝜞̅−1 ∥2 𝜖, ∥ 𝜞−1 ∥≤∥ 𝜞̅−1 ∥. (60) 

The proof is the same with [28], Corollary IV.5 as it contains elementary linear algebra.  

Certifying (18b) 

We show that 𝐐(𝛕) is concentrated around 𝐐̅(𝛕) and then prove that ∥ 𝐐(𝛕) ∥2< 1 for 𝛕 ∉ 𝒯. Let us first 

define  

 𝐄(𝐢)(𝛕) = 𝜅𝑖1+𝑖2+𝑖3+𝑖4  

 [𝐊(𝑖1,𝑖2,𝑖3,𝑖4)(𝛕 − 𝛕1),⋯ , 𝐊(𝑖1,𝑖2,𝑖3,𝑖4)(𝛕 − 𝛕𝐾),  

 𝐊(𝑖1+1,𝑖2,𝑖3,𝑖4)(𝛕 − 𝛕1),⋯ , 𝐊(𝑖1+1,𝑖2,𝑖3,𝑖4)(𝛕 − 𝛕𝐾),  

 𝐊(𝑖1,𝑖2+1,𝑖3,𝑖4)(𝛕 − 𝛕1),⋯ , 𝐊(𝑖1,𝑖2+1,𝑖3,𝑖4)(𝛕 − 𝛕𝐾),  

 𝐊(𝑖1,𝑖2,𝑖3+1,𝑖4)(𝛕 − 𝛕1),⋯ , 𝐊(𝑖1,𝑖2,𝑖3+1,𝑖4)(𝛕 − 𝛕𝐾),  

 𝐊(𝑖1,𝑖2,𝑖3,𝑖4+1)(𝛕 − 𝛕1),⋯ , 𝐊(𝑖1,𝑖2,𝑖3,𝑖4+1)(𝛕 − 𝛕𝐾)]𝑇 , (61) 

then, we can write  

 𝐄(𝐢)(𝛕) =
1

𝐿4
∑𝐧∈𝒥 (𝑗2𝜋𝜅)𝑖1+𝑖2+𝑖3+𝑖4𝑛1

𝑖1𝑛2
𝑖2𝑛3

𝑖3𝑛4
𝑖4  

 𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛4

𝑒𝑗2𝜋𝛕𝑇𝐧𝐯𝐧 ⊗ (𝐝𝐧𝐝𝐧
𝐻). (62) 

Consequently, the exception can be given by  

 

𝐄̅(𝐢)(𝛕) = 𝔼{𝐄(𝐢)(𝛕)}

=
1

𝐿4
∑𝐧∈𝒥 (𝑗2𝜋𝜅)𝑖1+𝑖2+𝑖3+𝑖4𝑛1

𝑖1𝑛2
𝑖2𝑛3

𝑖3𝑛4
𝑖4

𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛4

𝑒𝑗2𝜋𝛕𝑇𝐧𝐯𝐧 ⊗ 𝐈𝐿 = 𝐄(𝐢)(𝛕) ⊗ 𝐈𝐿 .

 (63) 

By defining 𝚪−1 = [𝐋 𝐑] and 𝚽−1 = [𝐋̅ 𝐑̅], such that 𝐑 ∈ ℂ5𝐾𝐿×4𝐾𝐿 and 𝐋 ∈ ℂ5𝐾𝐿×𝐾𝐿, we can write  

 

𝜅𝑖1+𝑖2+𝑖3+𝑖4𝐐(𝐢)(𝛕) = [𝐄(𝐢)(𝛕)]𝐻𝐋𝐡

= [𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕) + 𝐄̅(𝐢)(𝛕)]𝐻(𝐋 − 𝐋̅ ⊗ 𝐈𝐿 + 𝐋̅ ⊗ 𝐈𝐿)𝐡

= [𝐄̅(𝑖)(𝛕)]𝐻(𝐋̅ ⊗ 𝐈𝐿)𝐡 + 𝐈1
(𝑖) + 𝐈2

(𝑖)(𝛕),

 (64) 

where 𝐈1
(𝐢)(𝛕) = [𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕)]𝐻𝐋𝐡 and 𝐈2

(𝐢) = [𝐄̅(𝐢)(𝛕)]𝐻(𝐋 − 𝐋̅ ⊗ 𝐈𝐿)𝐡. Regarding 𝐐̅(𝐢)(𝛕) =

[𝐄̅(𝐢)(𝛕)]𝐻(𝐋̅ ⊗ 𝐈𝐿)𝐡, one can write  

 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝐐(𝐢)(𝛕) = 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝐐̅(𝐢)(𝛕) + 𝐈1
(𝑖)(𝛕) + 𝐈2

(𝑖)(𝛕). (65) 
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We now show that ∥ 𝐈1
(𝑖)(𝛕) ∥2 and ∥ 𝐈2

(𝑖)(𝛕) ∥2 are small for a point on on the grid set Ω𝑔𝑟𝑖𝑑 , which can be 

used to show that 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝐐(𝛕) is concentrated on 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝐐̅(𝛕) over Ω𝑔𝑟𝑖𝑑 . Finally, this is extended 

for the whole interval [0,1)4. 

To specify the value of ∥ 𝐈1
(𝑖)(𝛕) ∥2, in the following Lemma, which proof is given in Appendix 13, we use 

the Bernstein’s inequality to approximate the values of ∥ 𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕) ∥, then, bound ∥ (𝐄(𝐢)(𝛕) −

𝐄̅(𝐢)(𝛕))𝐻𝐋 ∥. 

Lemma 4 

Let us define 0 < 𝜖 < 1 and 𝝉 ∈ [0,1)4, if  

 𝐿4 ≥
134000×42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝐾𝑇

3𝜖2 log (
4𝐾𝑇+𝑇

𝛿
), (66) 

with the probability at least 1 − 256𝛿2, we have ∥ 𝐸(𝑖)(𝝉) − 𝐸̅(𝑖)(𝝉) ∥≤ 𝜖2 for 𝑖1, 𝑖2, 𝑖3 = {0,⋯ ,4}.  

Lemma 5 

Let us assume that 𝜖 ∈ (0,0.9] and 𝝉 ∈ 𝛺𝑔𝑟𝑖𝑑, if  

 𝐿4 ≥
134000×42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝐾𝑇

3𝜖2 log (
4𝐾𝑇+𝑇

𝛿
), (67) 

then, 

 

ℙ{ sup
𝛕∈Ωgrid

∥ (𝐄𝐢(𝛕) − 𝐄̅(𝑖)(𝛕))𝐻𝐋 ∥≥ 4𝜖,

𝐢 = {0,⋯ ,4}4} ≤ ℙ(𝜖1,𝜖
𝑐 ) + 256𝛿2|Ωgrid|.

 (68) 

Under the above event, we can write  

 ∥ 𝐄(𝐢)(𝛕) − 𝐄̅(𝑖)(𝛕) ∥≤ √𝐿 ∥ 𝐄(𝐢)(𝛕) − 𝐄̅(𝑖)(𝛕) ∥≤ √𝐿𝜖. (69) 

Consequently, in the following lemma, we prove that ∥ 𝐈1
𝐢 (𝛕) ∥ can be well controlled over the sent Ωgrid. 

Lemma 6 

Let us consider 0 < 𝛿 < 1 and a finite set 𝛺𝑔𝑟𝑖𝑑 over [0,1)4, if 

 𝐿4 ≥
192𝜇𝐾𝑇

𝜖
log (

10𝐾𝑇

𝛿
), (70) 

where 𝐶 is constant, then, we have 

 ℙ{ 𝑠𝑢𝑝
𝝉∈𝛺𝑔𝑟𝑖𝑑

∥ 𝑰1
𝒊 (𝝉) ∥2≤ 𝜖, 𝒊 = {0,⋯ ,3}4} ≥ 1 − 256𝛿. (71) 

Proof of Lemma 6 is given in Appendix 15. We then bound 𝐈2(𝛕) in the following. First, let us bound ∥ (𝐋 −

𝐋̅ ⊗ 𝐈𝐿)
𝐻𝐄̅(𝐢)(𝛕) ∥𝐹

2  in the following lemma. 

Lemma 7 

As long as  

 𝐿4 ≥
192𝜇𝐾𝑇

𝜖
log (

10𝐾𝑇

𝛿
), (72) 
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where 𝐶 is constant, one can bound ∥ 𝑰2
𝒊 (𝝉) ∥2 as  

 ℙ{∥ 𝑰2
𝒊 (𝝉) ∥2≤ 𝜖, 𝒊 ∈ {0,⋯ ,3}4} ≥ 1 − 256𝛿, (73) 

where the proof is given by Appendix 16.  

Here, we extend the above derivations for the whole interval [0,1)4 by choosing the grid size properly. Let 

us define the following event as  

 ℰ3 = {∥ 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝑄(𝐢)(𝛕) − 𝜅𝑖1+𝑖2+𝑖3+𝑖4𝑄̅(𝐢)(𝛕)𝐡⋆ ∥} ≤
𝜖3

3
, (74) 

for 𝐢 ∈ {0,⋯ ,3}4. 

Using the above lemmas, we can write the following lemma. 

Lemma 8 

If 

 𝐿4 ≥ 𝐶𝜇𝐾𝑇𝑙𝑜𝑔 (
10𝐾𝑇

𝛿
), (75) 

the event ℰ3 holds with the probability at least 1 − 𝛿 where 𝐶 is constant. The proof is based on [36], Lemma 

7. Then, it can be proved that as long as the minimum separation holds and  

 𝐿4 ≥ 𝐶𝜇𝐾𝑇𝑙𝑜𝑔 (
10𝐾𝑇

𝛿
), (76) 

we can bound  

 
∥ 𝑄(𝛕) ∥2 < 1 − 𝐶𝑎 ,   ∀𝜏 ∈ 𝑇far,

∥ 𝑄(𝛕) ∥2 ≤ 1 − 𝐶𝑏𝑀
2(𝛕 − 𝛕𝑖)

2,   ∀𝑇𝑖,
 (77) 

where 𝐶𝑎 and 𝐶𝑏 are constant such that 𝜌𝑐
2𝐶𝑏 ≤ 𝐶𝑎, holds with probability at least 1 − 𝛿. The proof can be 

found in [36], Lemma 7. 

3.9.2 Proof of Proposition 1 

We first show that any 𝐪 that satisfies (29) is dual feasible. To do so, we can write  

 

∥ 𝐔 ∥𝒜 ≥∥ 𝐔 ∥𝒜∥ 𝒳⋆(𝐪) ∥𝒜
⋆ ≥ ⟨𝒳⋆(𝐪),𝐔〉ℝ

= ∑𝐾
𝑘=1 Re {𝛼𝑘trace (𝐜(𝛕𝑘)𝐡𝑘

𝐻𝒳⋆(𝐪))}

= ∑𝐾
𝑘=1 Re{𝛼𝑘

⋆𝐡𝑘
𝐻𝐐(𝛕𝑘)}

= ∑𝐾
𝑘=1 Re{𝛼𝑘

⋆sign(𝛼𝑘)} = ∑𝐾
𝑘=1 |𝛼𝑘| ≥∥ 𝐔 ∥𝒜 ,

 (78) 

which leads to ⟨𝒳⋆(𝐪),𝐔〉ℝ =∥ 𝐔 ∥𝒜. Therefore, 𝐪 and 𝐔 are the dual and primary optimum solutions, 

respectively. 

To show that 𝐔 is the unique solution of the problem, let us assume that 𝐔̃ = ∑𝑘 𝛼̃𝑘𝐜(𝛕̃𝑘)𝐡̃𝑘
𝑇 as another 

solution to the problem has contains some elements outside of the support 𝑇 (otherwise the solutions are 

coincided). Then, we can write  
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⟨𝒳⋆(𝐪), 𝐔̃〉ℝ
∑𝜏̃𝑘∈𝑇 Re{𝛼̃𝑘

⋆𝐡̃𝑘
𝐻𝐐(𝛕̃𝑘)} + ∑𝜏̃𝑘∉𝑇 Re{𝛼̃𝑘

⋆𝐡̃𝑘
𝐻𝐐(𝛕̃𝑘)}

≤ ∑𝜏̃𝑘∈𝑇 𝛼̃𝑘 ∥ 𝐐(𝛕̃𝑘) ∥2∥ 𝐡̃𝑘 ∥2+ ∑𝜏̃𝑘∉𝑇 𝛼̃𝑘 ∥ 𝐐(𝛕̃𝑘) ∥2∥ 𝐡̃𝑘 ∥2

< ∑𝜏̃𝑘∈𝑇 𝛼̃𝑘 + ∑𝜏̃𝑘∉𝑇 𝛼̃𝑘 =∥ 𝐔̃ ∥𝒜 ,

 (79) 

which contradicts strong duality. Therefore, the optimal solution of problem is unique. Then, we can form a 

linear system similar to Appendix A from [46], to show that linearly independent conditions are satisfied. 

3.9.3 Proof of Lemma 2 

To prove Lemma 2, let us first define 𝐵 as below  

 

𝐵:=∥ 𝐒𝐧 ∥

=
1

𝐿4 ∥ 𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛4

(𝐯𝐧𝐯𝐧
𝐻) ⊗ (𝐝𝐧𝐝𝐧

𝐻 − 𝐈𝐿) ∥

≤
1

𝐿4 max
𝑛1,𝑛2,𝑛3,𝑛4

|𝑠𝑛1
||𝑠𝑛2

||𝑠𝑛3
||𝑠𝑛4

| ∥ 𝐯𝐧 ∥2
2 max{∥ 𝐛𝐧 ∥2

2, ∥ 𝐈𝐿 ∥}

≤
1

𝐿4 (𝐾 + 4𝐾(2𝜋𝑛𝜅)2)max {𝜇𝑇, 1} ≤
53𝐾𝜇𝑇

𝐿4 ,

 (80) 

where the last inequality comes from the fact that max|𝑛|≤2𝑀(2𝜋𝑛𝜅)2 ≤ 13 for 𝑀 ≥ 4 [40]. 

Second, let us define 𝜎2 as  

 

𝜎2 =∥ ∑𝐧∈𝒥 𝔼{𝐒𝐧𝐒𝐧} ∥

=
1

𝐿8 ∥ ∑𝐧∈𝒥 𝔼{𝑠𝑛1
2 𝑠𝑛2

2 𝑠𝑛3
2 𝑠𝑛4

2 [(𝐯𝐧𝐯𝐧
𝐻) ⊗ (𝐝𝐧𝐝𝐧

𝐻 − 𝐈𝐿)]

[(𝐯𝐧𝐯𝐧
𝐻) ⊗ (𝐝𝐧𝐝𝐧

𝐻 − 𝐈𝐿)]
𝐻} ∥

=
1

𝐿8 ∥ ∑𝐧∈𝒥 𝑠𝑛1
2 𝑠𝑛2

2 𝑠𝑛3
2 𝑠𝑛4

2 ∥ 𝐯𝑛 ∥2
2 (𝐯𝑛𝐯𝑛

𝐻)

⊗ 𝔼{(𝐝𝐧𝐝𝐧
𝐻 − 𝐈𝐿)(𝐝𝐧𝐝𝐧

𝐻 − 𝐈𝐿)
𝐻} ∥

=
1

𝐿8 ∥ ∑𝐧∈𝒥 𝑠𝑛1
2 𝑠𝑛2

2 𝑠𝑛3
2 𝑠𝑛4

2 ∥ 𝐯𝑛 ∥2
2 (𝐯𝑛𝐯𝑛

𝐻)

⊗ 𝔼{∥ 𝐝𝐧 ∥2 (𝐝𝐧𝐛𝐧
𝐻 − 𝐈𝐿)} ∥

≤
53𝐾𝜇𝑇

𝐿8 ∥ ∑𝐧∈𝒥 𝑠𝑛1
2 𝑠𝑛2

2 𝑠𝑛3
2 𝑠𝑛4

2 (𝐯𝑛𝐯𝑛
𝐻 ⊗ 𝐈𝐿) ∥

≤
53𝐾𝜇𝑇

𝐿4 max
𝐧∈𝒥

𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛4

∥ ∑𝐧∈𝒥 𝑠𝑛1
2 𝑠𝑛2

2 𝑠𝑛3
2 𝑠𝑛4

2 (𝐯𝑛𝐯𝑛
𝐻 ⊗ 𝐈𝐿) ∥

≤
53𝐾𝜇𝑇

𝐿4 ∥ 𝚪̅ ∥≤
96𝐾𝜇𝑇

𝐿4 ,

 (81) 

where we used (73) and Lemma 1 for bounding ∥ 𝚪̅ ∥=∥ 𝚽 ∥≤ 1.811. Using Bernstein’s non-commutative 

inequality  

 ℙ{∥ 𝚪 − 𝚪̅ ∥≥ 𝑡} ≤ 2𝑑exp (
−

𝑡2

2

𝜎2+
𝐵𝑡

3

), (82) 

where 𝑑 is the dimension of the matrices, we can bound  

 ℙ{∥ 𝚪 − 𝚪̅ ∥≥ 𝜖} ≤ 10𝐾𝑇exp(
−

𝜖2

2
96𝐾𝜇𝑇

𝐿4 +
17𝐾𝜇𝑇𝜖

𝐿4

). (83) 

To have ℙ{∥ 𝚪 − 𝚪̅ ∥≥ 𝜖} ≤ 𝛿, 𝐿4 ≥
192𝜇𝐾𝑇

𝜖
log (

10𝐾𝑇

𝛿
), which concludes the proof. 
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3.9.4 Proof of lemma 4 

Let us first define 

 

𝐘𝐧
(𝐢) =

1

𝐿4 (𝑗2𝜋𝑛𝜅)𝑖1+𝑖2+𝑖3+𝑖4𝑛1
𝑖1𝑛2

𝑖2𝑛3
𝑖3𝑛4

𝑖4𝑠𝑛1
𝑠𝑛2

𝑠𝑛3
𝑠𝑛3

𝑒𝑗2𝜋𝛕𝑇𝐧𝐯𝐧 ⊗ (𝐛𝐧𝐛𝐧
𝐻 − 𝐈𝐿),

𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕) = ∑𝐧∈𝒥 𝐘𝐧
(𝐢)

,

 (84) 

Regarding the fact that max𝑛 ∥ 𝑠𝑛 ∥∞≤ 1, |2𝜋𝑛𝜅| ≤ 4, and ∥ 𝐯𝐧 ∥2
2≤ 65𝐾, we can bound ∥ 𝐘𝐧

(𝐢)
∥ as below  

 

∥ 𝐘𝐧
(𝐢)

∥ ≤
1

𝐿4 (4)𝑖1+𝑖2+𝑖3+𝑖4 ∥ 𝐯𝐧 ∥2∥ 𝐛𝐧𝐛𝐧
𝐻 − 𝐈𝐿 ∥

≤
1

𝐿4 (4)𝑖1+𝑖2+𝑖3+𝑖4√65𝐾 max{𝜇𝑇, 1}}

≤
1

𝐿4 24+2(𝑖1+𝑖2+𝑖3+𝑖4)√𝐾𝜇𝑇:= 𝑅

 (85) 

Then,  

 

∥ ∑𝐧∈𝒥 𝔼{(𝐘𝐧
(𝐢)

)𝐻𝐘𝐧
(𝐢)

} ∥=
1

𝐿8 ∥ ∑𝐧∈𝒥 𝔼{∏4
𝑓=1 (|𝑠𝑛𝑓

|2

|2𝜋𝑛𝑓𝜅|2𝑖𝑘)(𝐯𝐧
𝐻 ⊗ (𝐛𝐧𝐛𝐧

𝐻 − 𝐈𝐿))(𝐯𝐧 ⊗ (𝐛𝐧𝐛𝐧
𝐻 − 𝐈𝐿))} ∥

≤
1

𝐿8 42(𝑖1+𝑖2+𝑖3+𝑖4) ∥ ∑𝐧∈𝒥 ∥ 𝐯𝐧 ∥2
2 𝔼{(𝐛𝐧𝐛𝐧

𝐻 − 𝐈𝐿)
2} ∥

≤
1

𝐿8 42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝑇(4𝐿 + 1)4(65𝐾)

≤
16640𝜇𝑇

𝐿4 42(𝑖1+𝑖2+𝑖3+𝑖4) = 𝜎2.

 (86) 

Now, let us use the matrix Bernstein inequality to bound the following event  

 ℙ {∥ ∑𝐧∈𝒥 𝐘𝐧
(𝐢) ∥≥ 𝜖} ≤ (4𝐾𝑇 + 𝑇) exp (

−3𝜖2

8𝜎2 ). (87) 

To have the failure probability less than 𝛿2, we can write  

 Log((4𝐾𝑇 + 𝑇) exp (
−3𝜖2

8𝜎2 )) ≤ log(𝛿2) (88) 

and consequently, leads to  

 𝐿4 ≥
134000×42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝐾𝑇

3𝜖2 log (
4𝐾𝑇+𝑇

𝛿2
). (89) 

Finally, by exploiting the union bound for 𝐢 ∈ {0,1,2,3}4, one can write  

 ℙ{∥ ∑𝐧∈𝒥 𝐘𝐧
(𝐢) ∥≥ 𝜖, 𝐢 ∈ {0,1,2,3}4} ≤ 256𝛿2, (90) 

which requires 𝐿4 ≥
134000×42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝐾𝑇

3𝜖2 log (
4𝐾𝑇+𝑇

𝛿2
). 

3.9.5 Proof of lemma 5 

In Lemma 4, we showed that ∥ 𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕) ∥≤ 𝜖 with probability at least 1 − 256𝛿, required 𝐿4 ≥
134000×42(𝑖1+𝑖2+𝑖3+𝑖4)𝜇𝐾𝑇

3𝜖2 log (
4𝐾𝑇+𝑇

𝛿2
). By considering ℰ1,𝜖 and 𝜖 ∈ [0,0.9) and  
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 ∩𝛕∈Ωgrid
{∥ 𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕) ∥≤ 𝜖, 𝐢 ∈ {0,1,2,3}4}, (91) 

we can write  

 ∥ (𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕))𝐻𝐋 ∥≤∥ (𝐄(𝐢)(𝛕) − 𝐄̅(𝐢)(𝛕))𝐻 ∥∥ 𝐋 ∥≤ 2𝜖 ∥ 𝚪̅ ∥≤ 4𝜖, (92) 

where the second inequality comes from the fact that 𝐋 is a submatrix of 𝚪−1 and the last inequality is because 

of Lemma 3. Then, applying union bound leads to  

 ℙ{ sup
𝛕∈Ωgrid

∥ (𝐄𝐢(𝛕) − 𝐄̅(𝑖)(𝛕))𝐻𝐋 ∥≥ 4𝜖, 𝐢 = {0,⋯ ,4}4} ≤ ℙ(𝜖1,𝜖
𝑐 ) + 256𝛿2|Ωgrid|, (93) 

which concludes the proof. 

3.9.6 Proof of lemma 6 

Let us define the event 

 ℰ2 =∩𝛕∈Ωgrid
{∥ (𝐄𝐢(𝛕) − 𝐄̅(𝑖)(𝛕))𝐻𝐋 ∥≤ 22(𝐢)𝑇√

2𝜇𝐾

𝐿4 + 𝑎𝜎̅𝐢 ≔ 𝜆𝐢}. (94) 

Constrained on ℰ1,𝜖1
, we can write  

 ∥ 𝐈1
𝐢 (𝛕) ∥2≤∥ (𝐄𝐢(𝛕) − 𝐄̅(𝑖)(𝛕))𝐻 ∥∥ 𝐋 ∥∥ sign(𝑎) ⊗ 𝐡𝑘 ∥≤ 4√𝐾𝜆𝐢,  (95) 

where we used Lemma 1. By using union bound and setting 𝜆𝐢 ≤
𝜖

4√𝐾
, one can write  

 ℙ( sup
𝛕∈Ωgrid

∥ 𝐈1
𝐢 (𝛕) ∥) ≤ 256|Ωgrid|𝑒−𝑐𝑎2

+ ℙ(ℰ1,𝜖
𝑐 ), (96) 

where the second term ℙ(ℰ1,𝜖
𝑐 ) ≤ 𝛿 when 𝐿4 ≥

192𝜇𝐾𝑇

𝜖1
log (

10𝐾𝑇

𝛿
). By setting 𝑎2 = 𝑐−1 log (

256|Ωgrid|

𝛿
), 

leading to an upper bound for the first term as 𝛿, which concludes the proof. 

3.9.7 Proof of lemma 7 

To bound ∥ 𝐈2
𝐢 ∥, we know ∥ 𝐄̅(𝐢)(𝛕) ∥𝐹≤ 𝐶1. Thus, ∥ 𝐄(𝐢)(𝛕) ∥≤ 𝐶1. In addition, constrained on ℰ1,𝜖, we can 

write  

 ∥ 𝐈2
(𝐢) ∥2≤∥ 𝐄(𝐢)(𝛕) ∥∥ 𝐋 − 𝐋̅ ⊗ 𝐈𝐿 ∥∥ sign(𝑎⋆) ⊗ 𝐡𝑘 ∥2≤ 𝐶′√𝐾𝜖. (97) 

To bound this with 𝜖1, set 𝜖 =
𝜖

𝐶′√𝐾
. Then, using (56), we require 𝐿4 ≥

192𝜇𝐾𝑇

𝜖1
log (

10𝐾𝑇

𝛿
) for some large 

enough constant 𝐶. 
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4 Machine Learning Algorithm for L1/L2 Control 

Emerging 6G networks demand not only ultra-efficient communication but also centimetre-level accuracy in 

localisation. Traditional centralised, model-based methods struggle in dynamic, multipath-prone 

environments, especially when positioning becomes a critical service. Recent advances in ML have enabled 

robust detection of line-of-sight (LoS) versus non-line-of-sight (NLoS) conditions, joint angle/range 

estimation, and real-time adaptation, overcoming practical limitations faced by conventional techniques [47]-

[53]. 

In this context, the core algorithm places UE localisation at its centre, combining reinforcement-based 

resource allocation with advanced positioning modules to dynamically control frequency, power, and node 

selection while continuously refining estimates of UE position. 

4.1 Motivation and Objectives 

High-precision positioning in 6G faces significant hurdles: 

• Multipath complexity: NLoS conditions introduce significant bias in time/angle measurements 

unless intelligently identified and mitigated, convolutional neural networks and lightweight 

neural classifiers now achieve > 95% accuracy in LoS/NLoS detection [54]. 

• Joint communication – sensing demands: Localisation must coexist with communication 

control, management that overlooks sensing degrades both position and network performance. 

• Scalability for distributed nodes: Modular learning and federated updates across nodes reduce 

central bottlenecks, enabling the network to update positioning policies on the fly as devices 

move through diverse environments. 

By shifting the main focus to high-accuracy UE location detection, we ensure that dynamic resource 

reallocation efforts directly support precise angle-of-arrival and ranging estimates, forming a synergistic 

framework rather than two separate objectives. 

This work aims to articulate our strategy for an artificial intelligence (AI) driven resource management 

system in a 6G network, structured into three clear objectives: 

• Formulate the MARL problem: Define states (e.g., UE SNR, signal strength, angle-of-

emission, neighbour interference levels), actions (i.e., power levels, frequency band and node 

selection), and the reward function (focused on minimising crosstalk and power consumption 

while maintaining connectivity). Components such as ranging accuracy and angle estimation 

error will be embedded into the reward to ensure alignment between communication 

performance and positioning accuracy. 

• Design and train the MARL agents: Use a MARL that supports continuous actions, enabling 

joint optimisation of frequency, power, and node assignments. Training will initially occur in 

simulated environments featuring realistic multipath effects, UE mobility, and network topology 

variability. 

• Integration, validation, and deployment: Integrate the trained agents into the eBOS controlled 

architecture for live feedback generation across nodes. Validation will involve scenario-driven 

tests to assess improvements in power usage, interference suppression, and positioning error 

metrics. Post-deployment, the agents will continue to learn from real deployment data, forming 

a distributed repository of network context, to support global updates of L1/L2 control policies 

over time. 

4.2 System Model 

Describe the scenario/architecture followed and link it with the scenarios/architectures described in WP2.The 
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system is designed around a network of one central Base Station (BS) and multiple secondary BSs as shown 

in Figure 12, as Virtual Base Stations (VBS) for easier distinction. Each VBS is equipped with the capability 

to transmit and receive wireless signals. These stations are deployed in a pre-defined outdoor environment 

based on the DeepMIMO v3, Outdoor 1 (O1) Scenario [55], which provides realistic spatial, environmental, 

and channel characteristics inspired by ray-tracing simulations. 

Each VBS is associated with a circular coverage area, defined by the transmission and reception range of its 

antennas. These overlapping circular regions indicate the zones within which a UE device can be detected 

and localised. The more VBSs that can communicate with a UE simultaneously, the higher the positional 

accuracy achievable through triangulation and signal processing. 

The system collects multiple types of parameters from the BS and VBSs to determine the position of each 

UE. These include: 

• Time-based parameters, such as Time of Arrival (ToA) and Time Difference of Arrival. 

• Signal strength and quality metrics, like Received Signal Strength Indicator and SNR.   

• Angle-based parameters, such as AoA and AoD. 

• Frequency and power parameters, including carrier frequency and transmit power. 

• Geometric and environmental context, derived from the layout of the environment, such as 

building locations and potential reflectors. 

The core functionality is based on MARL, where each UE or network agent learns to optimise its actions, 

such as adjusting frequency bands or switching between nodes, based on its location and observed signal 

environment. A centralised BS acts as a coordinator, while the distributed VBSs serve as localised agents to 

estimate and refine UE positions using learning-based techniques. 

The DeepMIMO dataset provides detailed input, including UE coordinates, BS placement, and high-

resolution channel characteristics, which are used both for training the learning algorithm and validating the 

positioning accuracy in realistic conditions. 

This configuration enables the system to operate dynamically, adapting to changing network topologies, 

environmental effects, and mobility patterns, while ensuring efficient and accurate localisation of all 

connected UEs. 

 

Figure 12: Base Station (Square), Virtual Base Stations (Triangles) and UEs Location 
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4.3 Algorithm Description 

In our deployment, the BS functions as the centralised trainer, while the VBSs serve as decentralised agents 

during operational execution. The system adopts a Centralised Training with Decentralised Execution 

(CTDE) framework, allowing VBS agents to learn collaboratively using both their local observations (e.g., 

ToA, AoA, Received Signal Strength (RSS), SNR, and LoS probability) and global network state information 

provided by the BS during training. In each learning step, a VBS agent observes its local environment and 

selects actions, such as which UE to serve, transmission power level, beamforming direction, and spectral 

sub-band, to jointly optimise positioning accuracy, energy efficiency, and interference suppression. A high 

level architecture of the MARL is shown in Figure 13. 

 

Figure 13: MARL High Level Architecture (algorithmic framework) 

During training episodes in the DeepMIMO v3 "O1" scenario, the BS critic receives global state and joint 

action data, computing Q-values or policy gradients that inform each agent’s local actor network. The training 

process incorporates techniques like curriculum learning, where simpler tasks (e.g., basic coverage without 

multipath) are introduced first, before progressing to complex deployments with dense UE populations and 

rich multipath conditions. This staged approach aids in convergence and reduces instability typical of MARL 

problems. 

The algorithm framework is structured as follows: each training episode begins with randomised UE 

placements within the DeepMIMO environment. At each time step, every VBS computes its local 

observation vector and samples an action via an ε-greedy strategy. These decentralised actions are executed 
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in parallel, resulting in updated user measurements, localisation estimates, and global interference levels. 

Each VBS receives an immediate reward, formulated to penalise position estimation errors, transmit power 

usage, and inter-cell interference. Collected experiences are stored in a shared replay buffer, enabling the BS 

critic network to update through Bellman-style Q-learning or actor-critic updates. Periodically, local network 

parameters, including target networks, are synchronised to stabilise learning and improve performance. 

Upon achieving convergence, judged by stabilisation in localisation accuracy, power consumption, and 

interference metrics, the policy parameters are deployed to the VBSs. In the field, each VBS operates 

autonomously, relying solely on its local measurements to select optimal actions. To ensure long-term 

adaptability, periodic federated updates are conducted: each VBS uploads anonymised Channel State 

Information (CSI) and localisation performance metrics to the BS, which aggregates and retrains the critic 

and actor networks. This online learning phase enables the system to adjust policies based on novel 

environments, mobility patterns, and hardware variations. 

This algorithm framework seamlessly integrates MARL with geometric localisation, enabling machines to 

dynamically adjust sensing and communication configurations. By coupling centralised training with 

decentralised deployment and periodic federated refinements, our approach ensures scalable, efficient, and 

precise UE localisation across dynamic 6G network environments. 

4.4 Results 

We have successfully defined and initialised our simulation environment in alignment with the system’s 

concept and research objectives. The DeepMIMO v3 “O1” scenario, which models a realistic two-street 

urban environment with over one million UEs and 18 BSs (only 5 BSs will be used in this work, one BS as 

the central one and four as the secondary BSs) at 6 m height, has been selected as our simulation baseline. 

Using the Python package DeepMIMOv3, we have installed the toolkit via pip install DeepMIMOv3 and 

configured parameters for the O1 scenario, including the number of paths, active BS set, and grid 

subsampling. 

The data acquisition phase is now complete. We have generated and extracted high-fidelity CSI, detailed UE 

position grids, antenna configurations, subcarrier definitions, and environmental context (Ray‑traced delays, 

angles, gains, LoS/NLoS) using Python scripts. These outputs include up to 25 multipath components per 

UE-BS link, covering relevant frequency bands (e.g. 3.5 GHz, 28 GHz) and dynamic scenarios. The dataset 

has been formatted to support time-series sampling, enabling effective interaction modelling for MARL 

episodes, including reward calculation based on position error, transmit power, and interference. 

Going forward, this comprehensive Python-generated dataset serves as the cornerstone for training and 

validating our MARL localisation and resource management framework. It provides the necessary 

environmental fidelity and scale to support joint optimisation of sensing and communication objectives. 

4.5 Future Work 

Building on the successful data acquisition phase using the DeepMIMO v3 “Outdoor 1” scenario and 

associated Python tooling, our next focus is to process and prepare this dataset for integration with our MARL 

architecture. This will involve: 

• Observation Vector Construction: We will synthesise structured observation inputs for each 

VBS agent. Each vector will include normalised measurements such as ToA, AoA, RSS, SNR, 

and probabilistic LoS indicators. 

• Action Space Definition: For each VBS agent, we will define discrete and continuous action 

spaces encompassing user selection, transmit power levels, beamforming directions, and sub-

band allocations. 
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• Reward Function Design: A composite reward will be implemented, balancing localisation 

error (distance between estimated and true UE positions), energy efficiency (transmit power 

usage), and interference suppression (crosstalk penalties). This design aligns with system 

objectives and ensures that meaningful feedback is provided during training episodes. 

Once data preprocessing is complete, we will proceed to develop the MARL training pipeline in Python, 

employing a CTDE. The BS will host the centralised critic, responsible for joint action-value estimation, 

while each VBS agent will operate an actor network that learns policies using only its local observations. 

These steps will culminate in a functioning MARL-based localisation and resource management system. 

Once the training pipeline reaches satisfactory performance levels, we will integrate the algorithm into the 

broader architecture for system-level evaluation. 
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5 AI Framework for Communications and Sensing 

5.1 Motivation and Objectives 

There are different frameworks for estimating the parameters of connected and unconnected objects in 

sensing/positioning applications based on the usage of different filters, including Kalman filter, particle filter, 

factor graphs, among others. However, the results may be present occasional significantly large errors, 

namely outliers, as which can occur in the case of, for example, object tracking, where the objective is to 

continuously follow the position of moving targets under a certain time period. 

Recently, the concept of KalmanNet was proposed to estimate the states of dynamical systems, when the 

system model is only partially known or unknown [56][57][58]. The KalmanNet is a neural network 

architecture designed to estimate the hidden state(s) of dynamical systems by combining the interpretability 

and structure of traditional Kalman Filters with the learning capability of neural networks. 

Although the KalmanNet architecture is promising, its applicability to target tracking and to parameter 

estimation of moving objects is not trivial, since the KalmanNet needs a sufficient amount of representative 

training data, may be sensitive to data mismatch and does not inherently guarantee optimality like Kalman 

filters due to the uncertainties in the model identification. Therefore, the objective of the present chapter is 

to investigate the applicability of the KalmanNet concept, as a possible foundation for an AI framework for 

communication and sensing networks. 

5.2 System Model 

In this chapter, a bistatic sensing and localisation problem where the objective is to localize a target of interest 

through first utilizing the channel measurements to obtain the bistatic parameters is considered. 

Subsequently, these parameters are translated into target positions. 

In our setup, without loss of any generality, we assume that one BS operates as a receiver node, and one UE 

operates as a transmitter node. In the scope of this research, we assume that OFDM waveforms are utilized 

for the sensing purposes. Further details regarding the system model, transmitting signals, are given below 

in Table 2. 

Table 2: System model details 

Parameter Setting value 

Carrier frequency 3.5 109 Hz 

Pulse repetition interval  0.005 seconds 

FFT size 996 

Cyclic prefix length 4.69 10−6  seconds 

In the scope of this work, we have utilized different delay Doppler detection and AoA methods to obtain 

bistatic parameters namely: 

• Bistatic range 𝑅 

• Bistatic speed (aka bistatic range rate) 𝑣 

• Zenith angle of arrival 𝜃 

• Azimuth angle of arrival 𝜑 

The details of the detection and parameter estimation methods will be out of scope, and we will mainly focus 

on how the ISAC bistatic parameter estimates are filtered dynamically. 



D3.3 “Compressed Sensing and ML-Based 
Techniques for Positioning and L1/L2 Control” 

Page 46 of 64 

6G-MUSICAL, Horizon No. 101139176 

 

 

5.3 Neural Kalman Filter 

5.3.1 Preliminaries on Kalman Dynamics 

This section is designed to introduce the fundamental concepts of the state space model and briefly explain 

the Kalman filter framework. 

State Space Model 

Let us consider a dynamical system characterized by a state space (SS) model in discrete time. Here, we 

present a generic form of SS model which described through following equations: 

 𝑥𝑡 = 𝑓(𝑥𝑡−1) + 𝑤𝑡, 𝑤𝑡~𝑁(0, 𝑄) (98) 

 𝑦𝑡 = ℎ(𝑥𝑡) + 𝑣𝑡 , 𝑣𝑡~𝑁(0, 𝑅) (99) 

where, 𝑥𝑡  represents the state vector,  𝑦𝑡 represent the observation vector, 𝑤𝑡 represent the additive gaussian 

noise for forward transition and finally  𝑣𝑡 represent the additive gaussian noise for observation. 

We recall that, the overall objective of the Kalman filter is to predict  𝑥𝑡 , denoted by 𝑥𝑡|𝑡 , based on 

observation 𝑦𝑡 and the previous prediction, posterior, 𝑥𝑡−1|𝑡−1 , for a given sequence of observations 

𝑦0, . . , 𝑦𝑇−1, in a sequential manner. 

The important notations related to SS model and Kalman framework is illustrated in Table 3.  

Table 3: Notations for State Space Model 

Notations Explanation 

𝑥𝑡 State vector 

𝑦𝑡 Observation vector 

𝑓(∙) 𝑜𝑟 𝐹 Forward transition function / matrix 

ℎ(∙) 𝑜𝑟 𝐻 Observation function / matrix 

𝑥𝑡|𝑡−1 = 𝑓(𝑥𝑡−1|𝑡−1) Priori estimate of state at time t 

𝑦̂𝑡|𝑡−1 = ℎ(𝑥𝑡|𝑡−1) Priori estimate of observation at time t 

𝑥𝑡−1|𝑡−1 Posterior estimate of state at time t-1 

∆𝑦𝑡 Innovation; ∆𝑦𝑡 = 𝑦𝑡 − 𝑦̂𝑡|𝑡−1 

𝐾𝑡 Kalman Gain 

Since the overall filter/prediction mechanism of Kalman filter framework is explained in a follow up Section 

in this section, we only briefly summarized the steps with corresponding equations, which are given in Table 

4. 

Table 4: Kalman Filter Equations 

Steps Equation 

Step 1 (prediction) 𝑥𝑡|𝑡−1  =  𝐹 𝑥𝑡−1|𝑡−1 
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Step 2 (prediction)  ∑
𝑡|𝑡−1

 =  𝐹 ∑
𝑡−1|𝑡−1

𝐹𝑇 +  𝑄 

Step 3 (prediction) 𝑦̂𝑡|𝑡−1  =  𝐻 𝑥𝑡|𝑡−1 

Step 4 (prediction) 𝑆𝑡|𝑡−1  =  𝐻 ∑
𝑡|𝑡−1

𝐹𝑇 +  𝑅 

Step 5 (update) 𝐾𝑡  =  ∑
𝑡|𝑡−1

𝐻𝑇𝑆𝑡|𝑡−1
−1  

Step 6 (update) 𝑥𝑡|𝑡  =   𝑥𝑡|𝑡−1 + 𝐾𝑡𝛥𝑦𝑡 

Step 7 (update) ∑
𝑡|𝑡

 =   ∑
𝑡|𝑡−1

− 𝐾𝑡𝑆𝑡|𝑡−1𝐾𝑡
𝑇 

Here, we want to remark that Σ𝑡|𝑡−1 and Σ𝑡|𝑡  represent the predicted and updated error covariance terms, 

respectively, and 𝑆𝑡|𝑡−1 is an intermediate term used for both updating Kalman gain and the error covariance. 

An alternative approach to the conventional Kalman filter (KF), is neural Kalman filter framework where the 

equations described above are performed through artificial neural networks. 

One of the most well-known frameworks is KalmanNet [56], which follows the same Kalman dynamics as 

conventional Kalman filter approach, however, it differentiates from conventional Kalman filter framework 

due to its data-driven nature. To be more precise, KalmanNet framework argues to replace fixed closed form 

equations used in prediction and update steps with their neural approximations. These neural approximations 

enhanced through recurrent neural networks due to the recursive nature of the iterative Kalman dynamics. 

Such data-driven approach has the following advantages. 

• Conventional Kalman filter framework, as seen in step 2, see Table 4, assumes noise covariance 

𝑄 is known, hence, when there is a mismatch between the real and the assumed noise covariance, 

performance of the KF may deteriorate. On the other hand, KalmanNet is oblivious to the noise 

covariance 𝑄, since a neural network (NN) model is used to predict 𝑄, rather than assuming a 

fixed covariance matrix. 

• Similarly, the update procedure of error covariance  Σ𝑡|𝑡 is directly linked to forward transition 

and observation matrices, hence any mismatch in the transition dynamics leads to errors. On the 

other hand, as we will illustrate later, error covariance  Σ𝑡|𝑡 is represented with recursive neural 

network, thus KalmanNet has certain robustness against mismatches in Kalman Dynamics 

(transition/observation model). 

• Finally, thanks to non-linearity in NN architecture, KalmanNet framework can be easily 

extended to scenarios with non-linear transition dynamics. 

5.3.2 Tracking Task as a State Space Model 

This section explains how the tracking problem is analysed as a state space model. Recall that, in bistatic 

sensing, what we observed is 

• Bistatic range 𝑅 

• Bistatic speed (aka bistatic range rate) 𝑣 

• Zenith angle of arrival 𝜃 

• Azimuth angle of arrival 𝜑 

Further, two auxiliary variables are considered to improve the performance: 

• Zenith speed 𝜔𝜃 
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• Azimuth speed 𝜔𝜑 

Hence, in this scope, the state vector x is a 6-dimensional vector which consists of the true bistatic parameters: 

 𝑥 = [𝑅,  𝑣,  𝜃,  𝜔𝜃, 𝜑, 𝜔𝜑]
𝑇
 (100) 

The observation vector y is the noisy observation of the same bistatic parameters, that is the observation 

matrix is identity matrix. Formally speaking, the forward transition and observation transition matrices are 

given as  

 𝐹 =

[
 
 
 
 
 
1 𝑇 0 0 0 0
0 1 0 0 0 0
0 0 1 𝑇 0 0
0 0 0 1 0 0
0 0 0 0 1 𝑇
0 0 0 0 0 1]

 
 
 
 
 

 (101) 

and,  

 𝐻 =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1]

 
 
 
 
 

 (102) 

Respectively, where T is the time duration, in seconds, between two consecutive bistatic measurements. 

5.3.3 Recurrent Neural Networks for Recursive Kalman Updates 

The underlying idea of the neural Kalman filter, KalmanNet, is to perform certain abstractions on the 

prediction and update steps, that is, rather than using the exact equations introduced in the previous section, 

the recursive procedure is represented through recursive neural networks (RNN). 

To be more precise, it has been argued that by employing 3 RNNs, each linked to one of the variables, 𝑄, Σ, S 

and enabling interactions of the RNNs through fully connected layers one can mimic the equations through 

a neural approximation, that is a mapping/function is represented by an artificial neural network whose 

weights are optimised with respect to the training dataset.  

Here, the first RNN linked to 𝑄 , the forward transition noise covariance, is employed to predict the noise 

covariance during filtering, rather than using a fixed statistic. This approach makes KalmanNet more practical 

since it does not require a fine-tuned statistic. The second RNN linked to Σ is employed to keep track of error 

covariance which also communicates with RNN linked to 𝑆. We want to highlight that, Kalman equations 

exhibits certain temporal correlations, e.g., step 2 and 7, see Table 4, which makes RNN, which is designed 

to process sequences, a good candidate. 

Before the details of KalmanNet architecture, we briefly explain how KalmanNet is operated in a recursive 

manner to perform filtering. One of the key aspects of the RNNs is the propagation of the hidden state, which 

ideally represents the important information regarding the past data and propagates over iterations which 

enables the extraction of temporal correlation. Hence, at time instant 𝑡 RNN module takes input and the 

hidden state to produce an output and the next hidden state which will be used later as an input at time instant 

𝑡 + 1, this recursive process is illustrated in Figure 14. 
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Figure 14: Recursive Update with Neural Kalman Filter 

 

Figure 15: Illustration of KalmanNet Block 

5.3.4 Architectural Details 

In this section, we further focus on the inside of the KalmanNet block and explain how the recursive process 

is enabled. The overview of the input/output relation through KalmanNet is illustrated in Figure 15.  From 

the design, KalmanNet architecture operates on residual inputs, namely, observation difference, observation 

innovation difference, forward evaluation difference, and forward update difference. 

Observation difference represents the difference between two consecutive observations: 

 Δ𝑦̃𝑡 = 𝑦𝑡 − 𝑦𝑡−1. (103) 

Observation innovation difference represents the difference between the current observation and the prior 

estimate: 

 Δ𝑦𝑡 = 𝑦𝑡 − 𝑦̂𝑡|𝑡−1 (104) 

Forward evaluation difference represents the difference between posterior estimates of the two consecutive 

states: 

 Δ𝑥̃𝑡 = 𝑥𝑡−1|𝑡−1 − 𝑥𝑡−2|𝑡−2. (105) 
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Forward update difference represents the difference between the posterior and the prior estimate of the state: 

 Δ𝑥𝑡 = 𝑥𝑡−1|𝑡−1 − 𝑥𝑡−1|𝑡−2. (106) 

At each time instant t, these four inputs are feed to neural network together with the propagated hidden states. 

We also want to highlight that, as illustrated in Figure 15, only the new observation 𝑦𝑡 is feed to KalmanNet 

block, the other variables required to compute inputs, i.e., previous observation 𝑦𝑡−1, posteriors  𝑥𝑡−2|𝑡−2 

and 𝑥𝑡−1|𝑡−1 and prior 𝑥𝑡−1|𝑡−2 is extracted from the buffer which is similarly updated at the end of the 

forward processing. 

5.3.5 Sub-Modules of KalmanNet Architecture 

In this section, we further provide the architecture details of the KalmanNet, which has been illustrated in 

Figure 16.  

 

Figure 16: KalmanNet Architecture 

As we already highlighted before, KalmanNet architecture consists of 3 RNNs, illustrated with blue boxes, 

each linked to one of the variables 𝑄, Σ, S. One can observe that, RNN receives its output, hidden state, as an 

input in the next iteration (time instant), this internal feedback is illustrated with a dashed line, and the unit 

delay is illustrated with a green circle in Figure 16. Apart from these 3 RNNs, KalmanNet employs 7 

feedforward NN sub-modules, represented with red boxes, which consist of fully connected layers and non-

linear activations where the input-output, 𝑥 − 𝑦, relation can be described as: 

 𝑦 = 𝜎(𝑊𝑥 + 𝑏), (107) 

where 𝑊 is projection matrix, 𝑏 is bias and 𝜎 is non-linear activation e.g., Relu, Gelu, Swish.  Here, we 

describe the generic form of single fully connected layer, in these blocks multiple layers can be combined 

vertically. Often for the feed-forward blocks, we assume expansion ratio of two, that is m-dimensional input 

first mapped into a 2m-dimensinal latent through fully connected layer which later mapped to a m-

dimensional latent again through fully connected layers. In the scope of KalmanNet, we focus on a particular 

RNN architecture called gated recurrent unit (GRU), in the next section we further explain the GRU 

architecture. 
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5.3.6 Gated Recurrent Unit 

The underlying idea of GRU is to utilise gate mechanisms [57] to combine the propagating past information 

(hidden state) with the new information (current input) in an optimal way. To this end, GRU employs 3 gate 

structures, namely, reset gate, update gate, and new gate. The role of the reset gate, in a nutshell, is to decide 

how to remove redundant information from the propagating hidden state, formally speaking, let 𝑥𝑡and 

ℎ𝑡−1denotes the  input at the current step and the hidden state from the previous step, then reset gate produces 

a reset vector 𝑟𝑡, from 𝑥𝑡and ℎ𝑡−1, through performing linear operations followed by a sigmoid activation so 

that each element of the reset vector takes a value within the range [0,1], i.e., 

 𝑟𝑡 = 𝜎(𝑊𝑖𝑟𝑥𝑡 + 𝑏𝑖𝑟+ 𝑊ℎ𝑟ℎ𝑡−1 + 𝑏ℎ𝑟), (108) 

where  𝑊𝑖𝑟 and 𝑊ℎ𝑟 denote the linear projection weights, 𝑏𝑖𝑟 and 𝑏ℎ𝑟 denote the linear projection biases. 

Reset vector 𝑟𝑡 simply introduce a scaling for the propagated hidden state to remove the redundant 

information. To be more precise, ℎ𝑡−1 is processed in the following way, 𝑟𝑡 ⊙ (𝑊𝑧𝑛ℎ𝑡−1 + 𝑏𝑧𝑛). The role 

of the new gate is to generate a new hidden state candidate 𝑛𝑡through combining the current input with the 

processed previous hidden state 

 𝑛𝑡 = tanh(𝑊𝑖𝑛𝑥𝑡 + 𝑏𝑖𝑛  +  𝑟𝑡 ⊙ (𝑊𝑧𝑛ℎ𝑡−1 + 𝑏𝑧𝑛)), (109) 

which has been reset through the output of the reset gate.  Finally, update gate provides the weights which 

are used to linearly combine the previous hidden state with the output of the new gate, where the weights are 

generated according to the following equation: 

 𝑧𝑡 = 𝜎(𝑊𝑖𝑧𝑥𝑡 + 𝑏𝑖𝑧+ 𝑊ℎ𝑧ℎ𝑡−1 + 𝑏ℎ𝑧), (110) 

and the new candidate state 𝑛𝑡 and the previous hidden state ℎ𝑡−1 is combined in the following way:ℎ𝑡 =

(1 − 𝑧𝑡) ⊙ 𝑛𝑡  + 𝑧𝑡 ⊙ ℎ𝑡−1. 

 

Figure 17: Gated Recurrent Network Architecture 

The gate mechanisms, described above, with the corresponding equations are illustrated in Figure 17, and 

the explanation of the notations are provided in Table 5. 
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Table 5: Notations for GRU Architecture 

Notations Explanation 

⊙ Hadamard product 

tanh(∙) Hyperbolic tangent activation 

𝜎(∙) Sigmoid activation function 

𝑥𝑡 Input vector at time t 

ℎ𝑡−1 Hidden state from time t-1 

𝑟𝑡 State of reset gate at time t 

𝑧𝑡 State of update gate at time t 

𝑛𝑡 State of new gate at time t 

𝑊𝑖𝑟/𝑊ℎ𝑟 
Projection weights of reset gate corresponding to 

input and hidden state, respectively. 

𝑊𝑖𝑧/𝑊ℎ𝑧 
Projection weights of update gate corresponding to 

input and hidden state, respectively. 

𝑊𝑖𝑛/𝑊𝑧𝑛 
Projection weights of new gate corresponding to 

input and hidden state, respectively. 

𝑏𝑖𝑟/𝑏ℎ𝑟 
Projection biases of reset gate corresponding to 

input and hidden state, respectively. 

𝑏𝑖𝑧/𝑏ℎ𝑧 
Projection biases of update gate corresponding to 

input and hidden state, respectively. 

𝑏𝑖𝑛/𝑏𝑧𝑛 
Projection biases of new gate corresponding to 

input and hidden state, respectively. 

5.3.7 Training Strategy 

KalmanNet framework is trained in a supervised manner, where stochastic gradient optimisation has been 

employed to minimize mean squared error (MSE) loss during the training. To be more precise let  

 𝑌̅ = [𝑦̅0 … 𝑦̅𝑇−1] (111) 

represent the ground truth bistatic parameter values for T snapshots and  

 𝑌 = [𝑦0 …𝑦𝑇−1] (112) 

represent the noisy observations again for T snapshots, and finally, 

 𝑌̂ = [𝑦̂0 … 𝑦̂𝑇−1] = 𝐾𝑎𝑙𝑚𝑎𝑛𝑁𝑒𝑡([𝑦0 …𝑦𝑇−1]) (113) 

represent the predictions of the bistatic parameters by KalmanNet. The corresponding MSE loss can be given 

as: 
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 𝐿𝑚𝑠𝑒 = ∑ |𝑦̂𝑖 −𝑇−1
𝑖=0 𝑦̅𝑖|

2. (114) 

We want to emphasize here that, 𝐿𝑚𝑠𝑒, is driven by the magnitude of the errors, on the other hand, naturally, 

the magnitude of error for each parameter is proportional to its average magnitude which makes certain 

parameters dominant in the loss term. To clarify, one can observe that, from the construction, the error term 

for the range parameter will be dominant in the loss term which make the training less effective for the other 

bistatic parameters whose magnitudes are comparatively small. To mitigate this issue, we argue to scale each 

individual error term with a coefficient which is inversely proportional to average magnitude of the 

parameter. 

5.4 Results 

In the scope of this work, we first design a framework to generate synthetic measurements, bistatic 

parameters, based on given scenario, i.e., location of the UE and BS position of the target and its velocity. 

Once the synthetic dataset(s) are generated, they will be used for training the KalmanNet and KalmanNet 

architecture can be tested with either synthetic data from an unknown scenario or from real measurement. 

Later, we will provide the performance analysis using synthetic data. 

5.5 Future Work 

In the scope of this project, we have shown how data-driven framework, namely neural Kalman filter, can 

be utilized the sensing/positioning data in the context of object tracking. The NN architecture utilized in this 

research is built on RNN, specifically GRU, in continuation of this work we are planning to extend our study 

by investigating other RNN architectures such as long short-term memory and even further employ 

transformer architecture for the design of KalmanNet. 
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6 Framework for Developing and Validating ML Algorithms for 

Sensing 

The integration of ML into communication and sensing functions within future networks requires scalable 

and adaptable methodologies capable of operating across diverse environments and scenarios [59]. Task 3.4 

addresses this challenge by focusing on the design of ML algorithms that can support the control of L1/L2 

layer functions, as well as improve positioning accuracy using radio-sensing data collected at distributed 

nodes. These nodes may experience significant variation in terms of sensing conditions and data availability, 

making generalization a key requirement. The central aim of this task is to reduce the need for exhaustive 

retraining of ML models in each new deployment, while still keeping high performance across use cases. To 

this end, the task aims to set up a structured framework that combines data collection, classification, and 

iterative learning, enabling continuous refinement of ML components over time. This framework is designed 

to accommodate data from various locations and periods, allowing models to evolve by integrating prior 

knowledge and adapting to changes in the operational environment. The result is a repository-driven loop 

that supports intelligent, context-aware behavior across the network. 

6.1 Motivation and Objectives 

The motivation behind Task 3.4 stems from the increasing need to intelligently manage and adapt L1/L2 

functions in wireless networks through data-driven approaches. Classical model-based designs often fall 

short when faced with dynamic environments, mobility, multipath propagation, and incomplete channel 

information [60]. Meanwhile, modern ML approaches, particularly those that use prior knowledge from 

related scenarios, offer promising avenues for robust and adaptive behavior in network nodes [61]. This task 

aims to exploit the inherent availability of sensing data from distributed nodes and to set up a systematic 

framework that iteratively collects, classifies, stores, and uses this data to improve both communication and 

positioning functions. A core aim is to make the learning process scalable and transferable across time and 

space by building large scenario-diverse repositories and adopting techniques that enable generalization to 

unseen domains. 

To address these challenges and realize the full potential of intelligent L1/L2 control and positioning, this 

task sets forth the following objectives: 

1. Develop ML algorithms capable of: 

• Controlling L1/L2 functions based on feedback from radio-sensing components. 

• Adapting dynamically to varying environmental and operational conditions. 

2. Construct a distributed data framework to: 

• Collect heterogeneous radio-sensing data at multiple nodes. 

• Perform classification and store processed data in structured repositories. 

• Support iterative refinement of models through repeated testing and retraining. 

3. Investigate ML-based positioning methods that use: 

• Gaussian processes for distinguishing LOS/NLOS and incorporating environmental priors. 

• Online learning capabilities for dynamic model updating based on context and mobility. 

4. Define mechanisms for enabling large-scale, data-driven model adaptation by: 

• Facilitating cross-domain learning via scenario databases. 

• Sharing information between nodes and across tasks (e.g., with T3.3). 

Considering these objectives, it is important to situate our approach within the broader landscape of recent 

ML advancements in wireless communications and sensing. The following provides a brief overview of 

relevant state-of-the-art techniques that inform and support this work. Recent literature has highlighted the 

challenges of deploying ML models in varying radio environments, where the mismatch between training 
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and deployment domains can significantly degrade performance. Domain adaptation techniques [62], 

especially Domain Adversarial Neural Networks (DANNs) [63], offer a promising solution by learning 

feature representations that are invariant across domains while preserving task-specific accuracy. In network-

based approaches, data collected at multiple nodes (spatially and temporally diverse) can be harnessed for 

more robust model training and transfer [60]. 

Moreover, transfer learning frameworks [64] have been increasingly used in wireless sensing applications, 

especially in scenarios where model generalisation is essential. These include leveraging pretrained models, 

unsupervised domain adaptation, and semi-supervised learning approaches to minimise the need for full 

retraining in every new scenario. In this context, the use of adversarial learning, as reviewed in [64], enables 

ML models to bridge gaps between known and unknown environments, directly aligning with the goals of 

this task. 

By incorporating these concepts, Task 3.4 aims to build a novel repository-driven learning loop that enables 

distributed nodes to adapt, optimize, and share knowledge over time and space. To better illustrate the 

structure of this framework, the next section describes the system model that supports this approach. 

6.2 System Model 

This section presents a centralised framework for building, managing, and scaling an AI/ML model 

repository, referred to as Model Zoo, specifically for integrated sensing and communications scenarios. It 

enables the reuse, adaptation, and deployment of pretrained models optimized for targeted sensing and 

positioning tasks, while providing shared access to a server with specialized hardware for training new 

models. The framework enables the possibility of model caching at the AP to reduce database access and 

accelerate adaptation. 

By identifying and repurposing existing models that match the operational context, the framework 

dramatically reduces retraining overhead, enabling rapid adaptation with minimal compute. The system 

consists of two core components: 

1. Model Zoo: a structured database that stores AI models alongside detailed metadata. This metadata 

facilitates initial filtering and evaluation, helping to decide whether a model is suitable for a new task 

or environment. The metadata may include: 

• Scenario descriptions (e.g., channel conditions, sensing environment) 

• Performance metrics (e.g., accuracy, robustness, latency) 

• Model type and architecture 

2. Training and Command Terminal (TaCT): the control interface unit of the framework. It interacts 

with the Model Zoo and the external sensing infrastructure through the Sensing Processing Function 

(SPF) and the Sensing Control Function (SeCF) to execute the following functions: 

• Parse scenario requirements and search for suitable models. 

• Coordinate model training if no suitable model is found. 

• Manage model lifecycle operations (loading, saving, updating, deleting). 

Specifically, the framework will support the following class of commands: 

• Save Model: Save the model in SPF in the Model Zoo with the metadata provided by SeCF. 

• Load Model: Load a specific model described by the SeCF into the SPF. 

• Search Model: Search the Model Zoo for a model that meets a specified performance threshold 

in a small data set and load it to the SPF. 

• Train Model: Train a new model, either from scratch or by fine-tuning an existing model, 

depending on the availability and suitability of earlier models. 

• Delete Model: Remove a model and its associated metadata from the database. 
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Figure 18: The proposed framework and its connection to the overall system architecture 

A top-level schematic of the framework and its interconnections is shown in Figure 18. It illustrates how the 

framework integrates into the project’s global architecture via the SeCF and SPF modules. The TaCT 

communicates all control directives with the SeCF through a bidirectional link, and exchanges general-type 

data with the SPF, also via a bidirectional connection. This two-way SPF-TaCT interface lets TaCT archive 

the active SPF model into the Model Zoo and, conversely, deploy any Model Zoo entry back into SPF. When 

training is needed, SPF provides the training dataset, since it has direct access to the raw samples, while SeCF 

provides the contextual metadata (e.g., current channel conditions) needed to configure and steer the training 

process and categorise its output model for future uses. 

6.3 Algorithm Description 

This section details the internal logic and message flows by which the TaCT orchestrates model management 

within the framework introduced in Section 6.2. Each of the five core operations-Save, Load, Search, Train, 

and Delete- is implemented as a well-defined sequence of interactions between TaCT, the SeCF and the SPF. 

The overall architecture of the TaCT is shown in Figure 19; its three main sub-blocks are: 

• Command Control: Routes incoming requests, coordinates module interactions, and handles 

all external responses. 

• Search Module: Executes metadata lookups and performance evaluations over the Model Zoo. 

• Training Module: Carries out local model training and fine-tuning, using transfer-learning for 

rapid adaptation with small datasets, or full-training when larger datasets and longer compute 

times are acceptable 

With this foundation laid, each core function can now be described in detail. 

 

Figure 19: The Training and Control Terminal block 

6.3.1 Save Model 

The purpose of save model function is to save the current SPF model into the Model Zoo, along with 

descriptive metadata. The full command flow is described in Table 6. 
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Table 6: Save Model command flow 

Phase Description 

Trigger 1. SeCT→TaCT:SAVE_MODEL(model_metadata) 

a. model_metada: descriptors of the model to be saved. 

Action 1. TaCT queries SPF for its current in-memory model weights. 

2. Assigns a unique ID and attaches the metadata. 

3. Inserts the model into the Model Zoo. 

Response 1. TaCT→SeCF: ACK_SAVE(model_id) to confirm persistence. 

a. model_id: Id of the model saved in the Model Zoo. 

6.3.2 Load Model 

The purpose of the load model function is to retrieve a specific model from the Model Zoo and deploy it into 

the SPF. The full command flow is described in Table 7. 

Table 7: Load Model command flow 

Phase Description 

Trigger 1. SeCF→TaCT:LOAD_MODEL(model_id) 

a. model_id: Id of model to be fetched from Model Zoo. 

Action 1. TaCT retrieves the corresponding model and metadata from the Model Zoo. 

2. Transmits the model to SPF. 

Response 1. TaCT→SeCF:ACK_LOAD(model_id) indicates successful deployment. 

2. model_id: Id of model loaded into SPF. 

6.3.3 Search Model 

The purpose of the search model function is to find an existing model whose metadata and performance meet 

specified criteria. The full command flow is described in Table 8. 

Table 8: Search Model command flow 

Phase Description 

Trigger 1. SeCF→TaCT:SEARCH_MODEL(query_metadata, eval_dataset, threshold) 

a. query_metadata: descriptors of the desired operating conditions. 

b. eval_dataset: small sample set from SPF. 

c. threshold: minimum acceptable performance. 

Action 1. TaCT performs a metadata-similarity lookup in the Model Zoo. 

2. Iteratively evaluates candidate models on the provided eval_dataset. 

3. Stops when a candidate meets of exceed the threshold. 
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Response 1. If found: TaCT issues LOAD_MODEL(found_id) to itself and responds 

ACK_SEARCH(found_id) to SeCF. 

a. found_id: Id of the model outputted by the search module. 

2. If none pass: TaCT replies NO_MODEL_FOUND and may trigger training. 

6.3.4 Train Model 

The purpose of the train model function is to generate a new model-either via transfer learning from a sub-

set of existing models or from scratch. 

Transfer Learning 

The purpose of using transfer learning techniques is to leverage the models stored in Model Zoo, attaining 

faster training with a smaller dataset. The full command flow is described in Table 9.  

Table 9: Transfer Learning command flow 

Phase Description 

Trigger 1. SeCF→TaCT:TF_LEARN(metadata_filters, top_k, methods) 

a. metadata_filters: descriptors used to query the Model Zoo for similar 

scenarios 

b. top_k: How many candidate models to retrieve for adaptation 

c. methods: list of adaptation techniques to apply 

Action 1. TaCT→Model Zoo : QUERY_PROMISING (metadata_filters, N) 

a. Returns up to N model_ids 

2. Parallel Optimization 

a. Run Parallel jobs of Transfer Learning ensemble techniques with the 

QUERY_PROMISING() output models. 

b. Select the best model. 

3. Best model satisfies evaluation threshold: SAVE_MODEL() 

Response 1. TaCT→SeCF: ACK_TF_LEARN(model_id, metrics) 

a. model_id: Id attributed to the trained model. 

b. metrics: Performance metrics of the new model. 

Full Training 

The purpose of using full training techniques is to train a model from scratch, needing a large, labelled dataset. 

The full command flow is described in Table 10. 

Table 10: Full Training command flow 

Phase Description 

Trigger 1. SeCF→TaCT:FULL_TRAIN(architecture_spec, metadata) 

a. architecture_spec: Target architecture of the algorithm to be trained. 

b. metada: Target scenario descriptors. 
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Action 1. Gather raw data from SPF 

2. Initialise and train a new model. 

3. Save and Deploy: SAVE_MODEL() 

Response 1. TaCT→SeCF:ACK_FULL_TRAIN(model_id, metrics) 

a. model_id: Id attributed to the trained model. 

b. metrics: Performance metrics of the new model. 

6.3.5 Delete Model 

The purpose of delete model function is to remove a given model from the Model Zoo. The full command 

flow is described in Table 11. 

Table 11: Delete Model command flow 

Phase Description 

Trigger 1. SeCF→TaCT: DELETE_MODEL(model_id) 

a. model_id: Id of the model to be deleted. 

Action 1. TaCT removes the identified entry and all associated metadata from the Model Zoo. 

Response 1. TaCT→SeCF: ACK_DELETE(model_id) confirming deletion. 

a. model_id: Id of the deleted model. 

6.4 Future Work 

This section focuses on the design of the framework that will support the control of L1/L2 functions. It 

presented a framework for developing a repository, referred to as Model Zoo, specifically for integrated 

sensing and communications scenarios. This framework will be updated according to inputs that may appear 

in the literature or in the standardisation bodies. 
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7 Conclusions 

This document presents the initial findings from Tasks 3.3 and 3.4 within WP3 of the 6G-MUSICAL project, 

exploring compressed sensing and machine learning for dual-sensing and communication. The aim is to 

reduce data transmission while maintaining positioning accuracy and adapting system performance in real-

time. The research addresses fundamental challenges, including ensuring consistent support across 

transmitter-receiver pairs for CS in WS-MIMO, successfully combining target detection and communication 

estimation, and generating high-fidelity data for training a robust MARL system, as well as exploring the use 

of different neural network architectures within the Kalman filter framework. 

A study was conducted on the use of ℓ₁ minimisation for compressive sensing. The first results produced 

sparse solutions but lacked accuracy due to insufficient constraints. Specifically, the approach did not account 

for the crucial requirement of consistent support across all transmitter-receiver pairs. Consequently, Group 

Lasso and reduced ℓ₁ minimisation algorithms showed improved performance by explicitly incorporating 

this structural constraint. Furthermore, the research acknowledged the resolution limits inherent in the 

underlying spatial grid – finer grids improving accuracy but increasing computational complexity – and 

ultimately aimed to develop a new CS algorithm for WS-MIMO radar that fully exploits the solution’s 

structure by integrating global system information throughout the algorithm design. 

A LANM estimator is proposed for JCAS systems, demonstrating its capability to concurrently perform both 

radar target parameter estimation and communication symbol decoding. This approach leverages a lifting 

technique to encode transmitted signals combined with the atomic norm. The dual is used reduce to finite 

dimensions the original infinite dimension problem, which is then implemented with ADMM and rigorously. 

Numerical results, validated the method against Additive White Gaussian Noise and jamming signals, 

resulting in demonstrably superior performance compared to existing state-of-the-art methods. 

A highly detailed simulation environment was successfully established utilizing DeepMIMO v3, specifically 

the ‘O1’ scenario (one-million UEs, 18 BSs in a two-street urban environment) as well as the generation of 

a rich dataset incorporating detailed CSI, up to 25 multipath components per link, alongside UE position 

grids, antenna configurations, subcarrier definitions, and ray-traced environmental context (LoS/NLoS), now 

formatted to support time-series sampling for training a MARL framework. 

A synthetic data generation framework was developed, dependent on scenario parameters such as UE and 

BS positions, and target velocity, alongside the training and validation of a KalmanNet architecture using 

this generated synthetic data. The framework demonstrated the potential of using a neural Kalman filter for 

object tracking – a key initial result that will inform future research exploring alternative Recurrent Neural 

Network architectures, including Long Short-Term Memory and potentially Transformer networks, to further 

enhance the KalmanNet performance. 

A framework was developed addressing the challenge of deploying ML algorithms across heterogeneous 

environments by enabling adaptive learning through distributed data collection, classification, and reuse. The 

architecture supports scalable positioning and L1/L2 control with minimal retraining, laying the groundwork 

for integration and validation in upcoming project phases. 

These advancements have laid the foundation for addressing the critical challenges of dual-sensing and 

communication within the 6G-MUSICAL project, supporting high accuracy positioning through compressed 

sensing, concurrent sensing and communication and efficient and highly performant machine learning based 

localization and resource management, as well as object tracking, ultimately paving the way for advanced 

6G system capabilities. 
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